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GALOIS ORBITS OF TORSION POINTS NEAR ATORAL SETS
V. DIMITROV AND P. HABEGGER
ABSTRACT. We prove that the Galois equidistribution of torsion points of the alge-
braic torus Gdm extends to the singular test functions of the form log |P|, where P is a
Laurent polynomial having algebraic coefficients that vanishes on the unit real d-torus
in a set whose Zariski closure in Gdm has codimension at least 2. Our result includes a
power saving quantitative estimate of the decay rate of the equidistribution. It refines
an ergodic theorem of Lind, Schmidt, and Verbitskiy, of which it also supplies a purely
Diophantine proof. As an application, we confirm Ih’s integrality finiteness conjecture
on torsion points for a class of atoral divisors of Gdm.
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1. INTRODUCTION
1.1. Main results. Let d ≥ 1 be an integer and let Gdm denote the d-dimensional al-
gebraic torus with base field C. We will identify Gdm with (C\{0})d , the group of its
C-points.
Let ζ ∈ Gdm be a torsion point, i.e., a point of a finite order. We define
(1.1) δ(ζ) = inf
{|a| : a ∈ Zd\{0} with ζa = 1}
where, here and throughout the article, | · | denotes the maximum-norm; we refer to
Section 2 for the notation ζa.
It is well-known that the Galois orbit {ζσ : σ ∈ Gal(Q(ζ)/Q)} becomes equidis-
tributed in Gdm with respect to the Haar measure as δ(ζ) → ∞. More precisely, if
f : Gdm → R is a continuous function with compact support, then
(1.2)
1
[Q(ζ) : Q] ∑
σ∈Gal(Q(ζ)/Q)
f (ζσ) →
∫
[0,1)d
f (e(x))dx
as δ(ζ) → ∞ where
(1.3) e(x) =
(
e2π
√−1x1 , . . . , e2π
√−1xd
)
for x = (x1, . . . , xd) ∈ Rd.
Our aim is to investigate the equidistribution result for test functions f = log |P|
where P is a Laurent polynomial in d unknowns and with algebraic coefficients. Such
P may vanish on (S1)d, where S1 = {z ∈ C : |z| = 1} is the unit circle, and so
f is not defined everywhere. But for δ(ζ) large in terms of P the Laurent–Sarnak
Theorem [23], also known as the Manin–Mumford Conjecture for Gdm, implies that P
does not vanish at any conjugate of ζ. Moreover, the integral of f over (S1)d exists as
the singularity is merely logarithmic. It is known as theMahler measure
(1.4) m(P) =
∫
[0,1)d
log |P(e(x))|dx,
see for instance Section 3.4 in [35] for the convergence of this integral for arbitrary
P ∈ C[X±11 , . . . ,X±1d ]\{0}.
Lind–Schmidt–Verbitskiy [29] call an irreducible Laurent polynomial P ∈ Z[X±11 , . . . ,X±1d ]
atoral if and only if the intersection of its zero locus with (S1)d has dimension at most
d − 2 as a real semi-algebraic set, cf. Proposition 2.2 [29]. A related, but not quite
equivalent, definition was given earlier by Agler–McCarthy–Stankus [1] for Laurent
polynomial with complex coefficients.
A torsion coset of Gdm is the translate of a connected algebraic subgroup of G
d
m by a
point of finite order. We call a torsion coset proper if it does not equal Gdm.
We call P ∈ C[X±11 , . . . ,X±1d ]\{0} essentially atoral if the Zariski closure of
(1.5) {(z1, . . . , zd) ∈ (S1)d : P(z1, . . . , zd) = 0}
in Gdm is a finite union of irreducible algebraic sets of codimension at least 2 and
proper torsion cosets.
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For example, if d = 1 then P is essentially atoral if and only if it does not vanish at
any point of infinite multiplicative order in S1.
If P is an irreducible element of Z[X±11 , . . . ,X
±1
d ] and is atoral in the sense of Lind–
Schmidt–Verbitskiy, cf. Definition 2.1 [29], then P is essentially atoral.
Let Q denote the algebraic closure of Q in C. We are ready to state our first result.
Theorem 1.1. For each essentially atoral P ∈ Q[X±11 , . . . ,X±1d ]\{0} there exists κ > 0
with the following property. Suppose ζ ∈ Gdm has finite order with δ(ζ) sufficiently large.
Then P(ζσ) 6= 0 for all σ ∈ Gal(Q(ζ)/Q) and
1
[Q(ζ) : Q] ∑
σ∈Gal(Q(ζ)/Q)
log |P(ζσ)| = m(P) +O(δ(ζ)−κ)
as δ(ζ) → ∞, where the implicit constant depends only on d and P.
Theorem 8.8 below is a more precise version of this result. In particular, we allow
σ to range over subgroups of Gal(Q(ζ)/Q) whose index and conductor grow suffi-
ciently slow, the conductor is defined in Section 3. Moreover, κ depends only on d
and the number of non-zero terms appearing in P. Our method of proof allows one
to determine an explicit value for κ.
Torsion points in Gdm are characterized as the algebraic points of height zero; see
Section 2 for the definition of the height h : Gnm(Q¯) → [0,∞). Bilu [4] proved that
Galois orbits of algebraic points α ∈ Gdm of small height satisfy an analogous equidis-
tribution statement as (1.2), asymptotically as h(α) → 0 and δ(α) → ∞; the defini-
tion (1.1) extends naturally to non-torsion points and may take infinity as a value. It
is natural to ask whether Theorem 1.1 admits a suitable generalization to points of
small height. Autissier’s example [2] rules out the verbatim generalization already
for Gm. He constructed a sequence (αn)n∈N of pairwise distinct algebraic numbers
whose height tends to 0 but such that 1
[Q(αn):Q]
∑σ log |σ(αn)− 2| tends to 0 6= log 2
for n → ∞. An interesting problem still arises if the test function has at worst a log-
arithmic singularity of real codimension at least 2 on (S1)d. Suppose that | f (z)| is
O
(|log(|P(z)|2 + |Q(z)|2)|) on an open neighborhood of (S1)d in Gdm, where P and Q
are non-constant and coprime Laurent polynomials with algebraic coefficients, and
that f vanishes on the complement of a compact set in Gdm. One may then ask about
comparing the average of f over the Galois orbit of α ∈ Gdm(Q¯) with the average of f
over (S1)d: is their difference bounded by ≪ f (h(α) + δ(α)−1)κ , for some κ > 0 de-
pending only on P and Q? We also mention Chambert-Loir and Thuillier’s The´ore`me
1.2 [10] which is a general equidistribution result for points of small height, allowing
log |P| as a test function if the zero locus of P in Gdm is a finite union of torsion cosets.
In this paper we allow log |P| as a test function if P is essentially atoral but we average
over points of finite order.
Our Theorem 1.1 recovers a variant of the result of Lind–Schmidt–Verbitskiy [29].
In their work, the sum is not over the Galois orbit of a single point of finite order but
rather over a finite subgroup G of Gdm. For this purpose we define
(1.6) δ(G) = inf
{|a| : a ∈ Zd\{0} such that ζa = 1 for all ζ ∈ G}.
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Each finite subgroup of Gdm is a disjoint union of Galois orbits. This observation
allows us to recover the Theorem of Lind, Schmidt, and Verbitskiy with an estimate
on the decay rate.
Theorem 1.2. Let P ∈ Q[X±11 , . . . ,X±1d ]\{0} be essentially atoral. There exists κ > 0 such
that for any finite subgroup G ⊂ Gdm we have
(1.7)
1
#G ∑
ζ∈G
P(ζ) 6=0
log |P(ζ)| = m(P) +O(δ(G)−κ)
where the implicit constant depends only on d and P.
Lind, Schmidt, and Verbitskiy’s approach is based on an in-depth study [37, 28, 29]
of an associated dynamical system: the algebraic Zd-action T : Zd → Aut((S1)∞)
dual to the cyclic Z[X±11 , . . . ,X
±1
d ]-module Z[X
±1
1 , . . . ,X
±1
d ]/(P). The atoral condi-
tion turns out to be equivalent to the existence of a non-trivial summable homoclinic
point, by means of a generalization of the classical Wiener’s lemma. If Γ ⊂ Zd is dual
to G, the number of Γ-periodic points of T is equal to the exponential of the left-hand
side of (1.8) times #G = [Zd : Γ], when the zero set of P does not meet G.
Theorem 1.2 may be read as a strong quantitative estimate on the growth of peri-
odic points for such dynamical systems. The refinement to Galois orbits, Theorem 1.1,
does not seem to be directly possible by the homoclinic method, nor does it seem to
follow formally from the case (1.8) of finite subgroups, which is where the dynamical
method applies.
Our method of proof draws its origins in work of Duke [15]. It differs from the
method of Lind, Schmidt, and Verbitskiy. However, it is striking that the notion of
atoral appears crucially in both approaches.
The first-named author [11] was able to prove Theorem 1.2 for a general Laurent
polynomial when G equals the group of N-torsion elements in Gdm.
Let us return to Galois orbits. We believe that the hypothesis on P being essentially
atoral is also unnecessary in Theorem 1.1 on Galois orbits. The next conjecture sums
up our expectations. It is related to Schmidt’s Conjecture [36, Remark 21.16(2)].
Conjecture 1.3. For each P ∈ Q[X±11 , . . . ,X±1d ]\{0} there exists κ > 0 with the following
property. Suppose ζ ∈ Gdm has finite order with δ(ζ) sufficiently large. Then P(ζσ) 6= 0 for
all σ ∈ Gal(Q(ζ)/Q) and
(1.8)
1
[Q(ζ) : Q] ∑
σ∈Gal(Q(ζ)/Q)
log |P(ζσ)| = m(P) +O(δ(ζ)−κ)
as δ(ζ) → ∞, where the implicit constant depends only on d and P.
For d = 1 this conjecture follows from work of M. Baker, Ih, and Rumely [3], see
their statement around (6). They use a version of Baker’s deep estimates on linear
forms in logarithms. Already the case d = 2 and P(X1,X2) = X1 + X
−1
1 + X2 +
X−12 − 3 is open.
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1.2. Ih’s conjecture on integral torsion points. As another application of our results
we derive a special case of Ih’s Conjecture [3] in the multiplicative setting. Let P ∈
Q[X±11 , . . . ,X
±1
d ]. A special case of Ih’s Conjecture predicts that the set of ζ ∈ Gdm such
that P(ζ) is an algebraic unit is not Zariski dense in Gdm, unless the zero set of P in G
d
m
is itself a finite union of proper torsion cosets. M. Baker, Ih, and Rumely [3] cover the
case d = 1 for arbitrary polynomials. Their approach runs through a similar limiting
statement as our Theorem 1.1 for univariate polynomials.
Here we solve a case of Ih’s Conjecture for essentially atoral polynomials with in-
tegral coefficients.
Corollary 1.4. Let K ⊂ C be a number field with ring of integersZK and let P ∈ ZK[X±11 , . . . ,X±1d ]\{0}.
Suppose that the zero set of P in Gdm is not a finite union of torsion cosets. Suppose in addition
that τ(P) is essentially atoral for all field embeddings τ : K → C. Then there exists B ≥ 1
such that if ζ ∈ Gdm has finite order and P(ζ) is an algebraic unit, then ζa = 1 for some
a ∈ Zd\{0} with |a| ≤ B.
Ih’s Conjecture expects the existence of B without assuming that each τ(P) is es-
sentially atoral. Observe that the result of M. Baker, Ih, and Rumely is not a direct
consequence of this corollary, as we do not allow univariate polynomials that vanish
at a point of infinite multiplicative order on the unit circle. Our approach does not
depend on the theory of linear forms in logarithms.
A special class of atoral polynomials, to which our results apply a` fortiori, are the
irreducible integer Laurent polynomials P ∈ Z[X±11 , . . . ,X±1n ] \ {0} that are not fixed
up-to a monomial factor and up-to a sign by the involution sending each Xi to 1/Xi .
We call these P asymmetric. They are atoral in the sense of Lind–Schmidt–Verbitskiy,
see the proof of Proposition 2.2 [29]. Hence an asymmetric Laurent polynomial is
essentially atoral. The converse is false as the Laurent polynomial
X1 + X
−1
1 + X2 + X
−1
2 − 4.
is essentially atoral.
If K = Q, Corollary 1.4 in the case of an asymmetric, and thus necessarily irre-
ducible, polynomial Laurent P can be deduced as follows from the Laurent–Sarnak
Theorem about torsion points lying in an algebraic subset of Gdm. Indeed, η = γ/γ is a
root of unity for any cyclotomic unit γ. We consider the zero (η, ζ) of P(X−11 , . . . ,X
−1
d )−
X0P(X1, . . . ,Xd), which is irreducible and defines an algebraic subset of G
d
m none of
whose geometric irreducible components is a torsion coset. A similar argument ap-
plies if K is a totally real number field.
1.3. Overview of the proof. We close the introduction by describing the method of
proof of Theorem 1.1, which builds upon work of the second-named author [19] and
is related to the approach of Duke [15]. The basic idea is to reduce the multivariate
statement in Theorem 1.1 to the univariate case. Whereas we worked with torsion
points of prime order in [19], the main technical difficulty in this paper is that we
allow torsion points of arbitrary order.
Any torsion point ζ ∈ Gdm of order N takes on the form (ζa1 , . . . , ζad) where ζ =
e(1/N) is a root of unity of order N and a = (a1, . . . , ad) ∈ Zd. The precise manner
GALOIS ORBITS AND ATORAL SETS 6
how the non-unique a is chosen is delicate and will be discussed below. The notation
ζ = ζa will be quite useful.
If P is as in Theorem 1.1, but for simplicity with coefficients in K = Q, we define
the univariate polynomial
(1.9) Q(X) = P(Xa) = P(Xa1 , . . . ,Xad) ∈ Q[X±1].
Multiplying Q by a power of X is harmless, as we shall see below. So one can assume
that Q is a polynomial. The values |P(ζσ)| equal the values of |Q(ζσ)| as σ ranges
over Gal(Q(ζ)/Q).
The univariate case and root separation (Section 4). Let us suppose for the mo-
ment that ζ = ζ is a root of unity. It is classical that the Galois conjugates of ζ are
equidistributed around the unit circle; we recall of these facts in Section 3. So (1.2)
holds for f (z) = log |Q(z)| provided Q has no zero on the unit circle. In Propo-
sition 4.5 we make convergence quantitative for such Q. Roughly speaking, for all
ǫ > 0 we have
(1.10)
1
[Q(ζ) : Q] ∑σ
log |Q(ζσ)| = m(Q) +OP,ǫ
( |a|1+ǫ
N1−ǫ
)
where σ runs over Gal(Q(ζ)/Q). Actually, the hypothesis on Q is slightly weaker as
we allow it to vanish at roots of unity, if all Q(ζσ) 6= 0. This hypothesis is ultimately a
reflection of the hypothesis that the multivariate P is essentially atoral in Theorem 1.1.
Indeed, in the univariate case, being essentially atoral boils down to not vanishing
at any point of infinite multiplicative order in S1. The hypothesis on Q is crucial
for our method to work. The main difficulty we encounter in the average (1.10) are
exceptionally small values ofQ at some ζσ. The burden is to show, in a uniform sense,
that no complex root z of Q can be too close to ζσ in a suitable sense.
If z is itself a root of unity, doing this is straight-forward as |z− 1| ≫ 1/ord(z).
The difficulty lies in the case when z has infinite multiplicative order. Here it
is tempting to apply some version of Baker’s Linear Forms in logarithms, as did
M. Baker, Ih, and Rumely [3]. However, and as already discussed by Duke in Section
3 [15] this seems unhelpful for the problem at hand. Indeed, estimates on linear forms
in two logarithms such as [24] lead to a factor [Q(z) : Q]2 = O(|a|2) in a bound for
any member in (1.10). This is not good enough for our application as |a|2/[Q(ζ) : Q]
may spoil the average in (1.10).
Our solution is to use the banal inequality |z− ζ| ≥ ∣∣|z| − 1∣∣ which lies at the heart
of the method here and in [19]. As z is no root of unity, and as Q does not vanish
at points of infinite multiplicative order on S1, we have |z| 6= 1 and so the banal
inequality provides a non-trivial lower bound. We now explain how it leads to a
useful estimate on |z− ζ| via lower bounding ∣∣|z| − 1∣∣.
If z is close to the unit circle, then
∣∣|z| − 1∣∣ is approximately |z − 1/z|. In [19] a
result of Mahler [30] on the separation of roots of an integer polynomial led to a
suitable lower bound for |z− 1/z|. In that paper, the second-named author used his
counting result on approximations to a set definable in an o-minimal structure. This
allowed to make Mahler’s estimate uniform over the various zeros z of Q.
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The main tool of the present paper is a uniform generalization of Mahler’s inequal-
ity for the separation of several pairs of roots ofQ. Such a generalizationwas obtained
by Mignotte [31]. In Section 4 we give a variant of Mignotte’s theorem that is tailored
to our application and is self-contained. We thus bypass the o-minimal theory used
in [19]. We still require Bombieri, Masser, and Zannier’s Theorem [6] to be mentioned
below. Moreover, our Theorem 1.1 is effective in nature.
A possible approach towards Conjecture 1.3 lies in extending (1.10) to Q that are
allowed to vanish at any point of S1. As observed, we lack a suitable lower bound for
|z − ζ| if z is an algebraic number of infinite multiplicative order on the unit circle.
It turns out that the z of interest have small height h(z), suggesting a connection to
Lehmer’s problem. We therefore propose the following conjecture.
Conjecture 1.5. For all B ≥ 1 and ǫ > 0 there exists a constant c = c(B, ǫ) > 0 with the
following property. Let z ∈ C be an algebraic number with |z| = 1 and h(z) ≤ B/D where
D = [Q(z) : Q]. If ζ ∈ C\{z} is a root of unity of order N, then log |ζ − z| ≥ −cD1+ǫNǫ.
The crux of this conjecture is its best-possible dependency on the degree D. In
comparison, the state-of-the-art results in the theory of linear forms in two logarithms
of algebraic numbers in the D-aspect, such as Laurent, Mignotte, and Nesterenko’s
The´ore`me 3 [24], have only a quadratic dependency on D.
Equidistribution of torsion points (Section 3). As ζ = ζa, the exponent vector a
used to define Q depends on ζ. For this reason it is important that the error term in
Proposition 4.5 is explicit in terms of Q. Moreover, it is important to choose a with
|a| as small as possible. For fixed ζ the exponent a is well-defined up-to addition of
an element in NZd. So clearly we may assume |a| ≤ N, although this is not good
enough in view of (1.10). Fortunately, there is a second degree of freedom, namely
we can replace ζ by any Galois conjugate of itself.
This leads us to classical questions of equidistribution of the Galois orbit of ζ; we
compile the necessary statements in Section 3. Using the Erdo¨s–Tura´n Theorem and
the theory of Gauß sums, Lemma 3.6 produces a with |a| = O(Nδ(ζ)−1/(3d)) such
that ζa is a Galois conjugate of ζ.
Let us return to the error term in (1.10). One factor N cancels out and the error
term becomes N2ǫδ(ζ)−(1+ǫ)/(3d). However, we still retain a dependency on N tracing
back to the seemingly innocuous ǫ in (1.10). This creates a new problem as although
δ(ζ) ≤ N, there is no non-trivial bound in the reverse direction. If δ(ζ) happens to
grow very slowly in terms of N, the error term in (1.10) will explode.
Factoring ζ (Section 5). The solution to this problem is described in Section 5. In
Proposition 5.1 we factor ζ into a product ηξ where ξ has finite order M such that
ξ = e(a/M) where |a| = O(M1−κ). Moreover, the order of η is small compared
to N and even with respect to the power saving exponent obtain for |a|. The meth-
ods employed come from the Geometry of Numbers. We make use of an analog of
the Harder–Narasimhan Filtration for lattices in Rd introduced by Stuhler [39] and
Grayson [17].
We will replace ζ by ξ and the univariate polynomial Q(X) = P(Xa) by P(ηaXa).
This last transformation does not change the height or the monomial structure of Q.
But it can change the field generated by its coefficients as the order of η and hence its
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field of definition vary as ζ varies. For this reason, we must keep track of the base
field of Q throughout the whole argument.
Putting everything together (Sections 6, 7, 8). In Sections 6, and 8 we put all ingre-
dients together to prove the final result. Here we apply a result of Bombieri, Masser,
and Zannier [6] on the intersections of a subvariety in Gdm of codimension at least
2 with all 1-dimensional algebraic subgroups of Gdm. Roughly speaking, this result
shows that if P is essentially atoral, then for “most” choices of a the univariate poly-
nomial Q as in (1.9) does not vanish at any point of infinite multiplicative order on
S1. Recall that this property of Q was crucial to deduce (1.10). Bombieri, Masser,
and Zannier’s result is related to the study unlikely intersections, for an overview
we refer to Zannier’s book [40]. Another tool that makes an appearance is Lawton’s
Theorem [26].
The intermediate Section 7 contains a weak version of a result of Hlawka [21] on
the numerical integration of a continuous, multivariate function. The results obtained
there are useful in connection with the function attaching the Mahler measure to a
non-zero polynomial.
The results mentioned above, in particular the theorem of Bombieri, Masser, and
Zannier, also play an important role in Le’s approach [27]. The question on how
small a sum of roots of unity can be was raised by Myerson [34] in connection with a
combinatorial question [32, 33] which was later studied by Duke [15]. Dubickas [14]
has more recent work in this direction for sums of 2 and 3 roots of unity of prime
order.
Appendices. In Appendix A we give a quantitative version of Lawton’s Theo-
rem [26] regarding the convergence of a sequence of Mahler measures. Unfortunately,
we are not able to use the very closely related theorem in [19] as we require additional
uniformity. The arguments in this appendix follow closely Lawton’s strategy. Finally,
in the second Appendix we show how to deduce Theorem 1.2, the Theorem of Lind–
Schmidt–Verbitskiy, from our Theorem 1.1.
Acknowledgments. We thank Pierre Le Boudec for references regarding Gauß sums,
Peter Sarnak for the reference to Le’s [27], and Shouwu Zhang for pointing out Chambert-
Loir and Thuillier’s work [10]. Vesselin Dimitrov gratefully acknowledges support
from the European Research Council via ERC grant GeTeMo 617129.
2. NOTATION AND PRELIMINARIES
Apart from the notation already introduced we use N to denote the natural num-
bers {1, 2, 3, . . .}. If x = (x1, . . . , xm) with all xi elements in an abelian group G and
if A = (ai,j)i,j ∈ Matm,n(Z) we write xA = (xa1,11 · · · x
am,1
m , . . . , x
a1,n
1 · · · x
am,n
m ) ∈ Gn.
So if B ∈ Matn,p(Z), then (xA)B = xAB. For a commutative ring R with 1 we let
R× denote its group of units. Euler’s function ϕ maps N ∈ N to the cardinality
of ΓN = (Z/NZ)
× . The group of all roots of unity in C× is µ∞. We often iden-
tify Gdm with the set of its complex points (C
×)d. If ζ ∈ Gdm is a torsion point, we
write ord(ζ) for its order. We write 〈·, ·〉 for the Euclidean inner product on Rd, | · |2
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for the Euclidean norm on Rd, and | · | for the maximum-norm on Rd. We define
log+ x = logmax{1, x} for all x ≥ 0.
The constants implicit in Vinogradov’s notation≪x,y,z,...,≫x,y,z,..., and inOx,y,z,...(· · · )
depend only on the values x, y, z, . . . appearing in the subscript.
Let P ∈ C[X±11 , . . . ,X±1d ]\{0}, then |P| denotes the maximum-norm of the coeffi-
cient vector of P and we set |0| = 0. Recall that m(P) is the Mahler measure of P.
It follows from Corollaries 4 and 6 in Chapter 3.4 [35] that exp(m(P)) is at most the
Hermitian norm of the coefficient vector of P. Suppose P has at most k ≥ 1 non-zero
terms, we find
(2.1) m(P) ≤ log |P|+ 1
2
log k.
The following result [12, Corollary 2] of Dobrowolski and Smyth provides a reverse
inequality of the same quality.
Theorem 2.1 (Dobrowolski–Smyth). Suppose P ∈ C[X±11 , . . . ,X±1d ]\{0} has at most
k ≥ 2 non-zero terms with k an integer. Then m(P) ≥ log |P| − (k− 2) log 2.
Therefore,
(2.2) |m(P)− log |P|| ≪ k
with absolute implied constant. Observe that if P is a polynomial, then m(P) ≥
log |P| − log(2)∑di=1 degXi P by the classical Lemma 1.6.10 [5]. So (2.2) is stronger
when the number of terms in P is known to be bounded, which is often the case in
our work.
Let x be an element of a number field K. The absolute logarithmic Weil height, or
just height, of x is
(2.3) h(x) =
1
[K : Q] ∑v
[Kv : Qv] logmax{1, |x|v};
here v runs over all places of K normalized such that |2|v = 2 for an infinite place v
and |p|v = 1/p if v lies above the rational prime p, the completion of K with respect
to v is Kv and the completion of Q with respect to the restriction of v is Qv. Let
P be a non-zero Laurent polynomial with coefficients x0, . . . , xn ∈ K. The absolute
logarithmic Weil height, or just height, of P is
(2.4) h(P) =
1
[K : Q] ∑v
[Kv : Qv] logmax{|x0|v, . . . , |xn|v}.
See Chapter 1 [5] for more details on heights. For example, h(x) and h(P) are well-
defined for x ∈ Q and P ∈ Q[X±11 , . . . ,X±1d ], i.e., the values do not depend on the
number field K containing x and the coefficients of P, respectively. Moreover h(P) =
h(λP) for all λ ∈ Q×.
3. QUANTITATIVE GALOIS EQUIDISTRIBUTION FOR TORSION POINTS
We need a strong enough quantitative version of the Galois equidistribution of
torsion points ζ of Gdm, with a power saving discrepancy in δ(ζ) defined in (1.1).
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Different approaches are possible and we opt to use the Erdo¨s–Tura´n–Koksma
bound. This reduces the problem to the estimation of certain exponential sums, which
happen to be Gauß sums that can be explicitly evaluated.
For N ∈ N recall that ΓN = (Z/NZ)× . For f ∈ N a divisor of N, we work with
the canonical, surjective, homomorphism ΓN → Γ f induced by reducing modulo f .
The conductor fG of a subgroup G of ΓN is the least positive integer f | N such that
G contains ker(ΓN → Γ f ). Observe that [ΓN : G] ≤ ϕ(fG).
Certainly, fG is well-defined as ker(ΓN → ΓN) is the trivial subgroup. Moreover,
fΓN = 1. But one should take care that the conductor of G = {1} is N/2 for N ≡ 2
(mod 4).
The group ΓN is naturally isomorphic to the Galois group of Q(ζ)/Q, where ζ is a
root of unity of order N. Let L ⊂ Q(ζ) be the fixed field of G. Then L lies in the fixed
field of ker(ΓN → ΓfG) which equals Q(ζfG) where ζfG is a root of unity of order fG.
Let f ≥ 1 be an integer and ζ f of order f . We claim L ⊂ Q(ζ f ) if and only if
fG | f . Indeed, if the inclusion holds, then L ⊂ Q(ζ f ) ∩ Q(ζfG). It follows from
the theory of cyclotomic fields that the intersection is generated by a root of unity of
order gcd( f , fG). By minimality of fG we find fG | f . The converse direction follows
as Q(ζfG) ⊂ Q(ζ f ) if fG | f .
So fG is the greatest common divisor of all f , for which L ⊂ Q(ζ f ). Equivalently fG
is the greatest common divisor of all f | N, for which ker(ΓN → Γ f ) ⊂ G.
By Class Field Theory, fG is the finite part of the conductor of the abelian extension
L/Q.
The next lemma collects some classical facts on Gauß sums. We write fχ = fkerχ for
a character χ : ΓN → C×. We recall that e(·) was defined in (1.3).
Lemma 3.1. Let N ∈ N and say χ : ΓN → C× is a character. For k ∈ Z we define
τ = ∑σ∈ΓN χ(σ)e(kσ/N), then the following hold true.
(i) If gcd(k,N) = 1 then |τ| ≤ f1/2χ .
(ii) For unrestricted k we set N′ = N/ gcd(k,N). Then
|τ| ≤ ϕ(N)
ϕ(N′)
f1/2χ .
Proof. If k = 1, part (i) follows directly from Lemma 3.1, Section 3.4 [22]. The more
general case gcd(k,N) = 1 follows as ∑σ∈ΓN χ(σ)e(kσ/N) = ∑σ∈ΓN χ(k
′σ)e(σ/N)
where kk′ ≡ 1 (mod N) and since χ is completely multiplicative.
To prove (ii) set N′ = N/ gcd(k,N) and k′ = k/ gcd(k,N). Then τ is
∑
σ∈ΓN
χ(σ)e
(
k′
N′
σ
)
= ∑
σ′∈ΓN′
 ∑
σ∈ΓN
σ≡σ′ (mod N′)
χ(σ)
 e( k′N′σ
)
.
The inner sum on the right runs over a coset of the kernel of ΓN → ΓN′ . Since χ is a
character, the inner sum equals 0 if the said kernel does not lie in the kernel of χ. In
this case, τ = 0 and we are done.
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Otherwise, ker(ΓN → ΓN′) ⊂ kerχ, and then fχ | N′. We find moreover that χ
factors through a character χ′ : ΓN′ → C× and fχ′ | fχ. As the kernel of ΓN → ΓN′ has
order ϕ(N)/ϕ(N′) we have
τ =
ϕ(N)
ϕ(N′) ∑
σ′∈ΓN′
χ′(σ′)e
(
k′
N′
σ
)
.
Part (ii) now follows from (i) since gcd(k′ ,N′) = 1. 
Lemma 3.2. Let N ∈ N, let G be a subgroup of ΓN , and let k ∈ Z. We define N′ =
N/ gcd(k,N), then
1
#G
∣∣∣∣∣∑
σ∈G
e(kσ/N)
∣∣∣∣∣ ≤ [ΓN : G]ϕ(N′) f1/2G .
Proof. Let χ′1, . . . , χ
′
m : ΓN/G → C× be all characters and m = [ΓN : G]. Then
∑
m
i=1 χ
′
i(σ) = 0 for all σ ∈ ΓN/G expect for the neutral element, where this sum
equals m. Write χi for ΓN → ΓN/G composed with χ′i. Then ∑mi=1 χi(σ) = 0 if and
only if σ ∈ ΓN\G, otherwise this sum is m. Therefore,
(3.1) ∑
σ∈G
e(kσ/N) =
1
m
m
∑
i=1
∑
σ∈ΓN
χi(σ)e(kσ/N)
and lemma 3.1(ii) implies∣∣∣∣∣ ∑
σ∈ΓN
χi(σ)e(kσ/N)
∣∣∣∣∣ ≤ ϕ(N)ϕ(N′) f1/2χi .
Note that G ⊂ kerχi because χi factors through ΓN → ΓN/G. So fχi ≤ fG, by the
minimality of fχi . The current lemma now follows from (3.1). 
Let d, n ∈ N. The discrepancy of (x1, . . . , xn) where each xi ∈ [0, 1)d is
(3.2) D(x1, . . . , xn) = sup
B
∣∣∣∣#{i : xi ∈ B}n − vol(B)
∣∣∣∣
where B ranges over all boxes in [0, 1)d with sides parallel to the axes, see Section
5.4 [20] where the discrepancy is not normalized by dividing by n.
In the next proposition we bound from above the discrepancy of the Galois orbit
of a point of finite order in Gdm using the Gauß sum estimates above. Below, d0(N)
denotes the number of divisors of a natural number N.
Proposition 3.3. Let ζ ∈ Gdm have order N and let G be a subgroup of ΓN such that {ζσ :
σ ∈ G} = {e(xi) : 1 ≤ i ≤ #G} with all xi in [0, 1)d.
(i) We have
D(x1, . . . , x#G) ≪d [ΓN : G]f1/2G
(log 2δ(ζ))d−1 log log 3δ(ζ)
δ(ζ)1/2
.
(ii) If d = 1, then
D(x1, . . . , x#G) ≪ [ΓN : G]f1/2G
log(2N)d0(N)
ϕ(N)
.
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Proof. We abbreviate n = #G. We fix a ∈ Zd with ζ = e(a/N). Then N and the entries
of a are coprime. We use the Erdo¨s–Tura´n–Koksma inequality, Theorem 5.21 [20], to
bound the discrepancy D = D(x1, . . . , xn) as follows
(3.3) D ≪d 1H + ∑
b∈Zd\{0}
|b|≤H
1
r(b)
∣∣∣∣∣ 1n ∑
σ∈G
e
(〈a, b〉
N
σ
)∣∣∣∣∣
for all integers H ≥ 4, here r(b1, . . . , bd) = max{1, |b1|} · · ·max{1, |bd|}.
By Lemma 3.2, the expression inside themodulus is at most C/ϕ(N/ gcd(〈a, b〉,N))
with C = [ΓN : G]f
1/2
G . It is well-known that ϕ(M) ≫ M/ log log(3+M) for all inte-
gers M ≥ 1 with an absolute and effective implicit constant. Therefore,
D ≪d 1H + C ∑
b∈Zd\{0}
|b|≤H
1
r(b)
gcd(〈a, b〉,N)
N
log log(3+ N/ gcd(〈a, b〉,N)).
If b ∈ Zd\{0} with |b| ≤ H, then〈
a,
N
gcd(〈a, b〉,N) b
〉
= N
〈a, b〉
gcd(〈a, b〉,N) ∈ NZ
which implies ζbN/gcd(〈a,b〉,N) = 1. So N/ gcd(〈a, b〉,N) ≥ δ/|b| > 0 where δ = δ(ζ).
As t 7→ (log log(3+ t))/t is decreasing on t > 0 we find
D ≪d 1H + C
1
δ ∑
b∈Zd\{0}
|b|≤H
|b|
r(b)
log log(3+ δ).(3.4)
The sum of |b|/r(b) over integral b with 1 ≤ |b| ≤ H is≪d H(log 2H)d−1, so we find
D ≪d 1H + C
log log(3δ)
δ
H(log 2H)d−1.
Part (i) follows by fixing H to be the least integer with H ≥ δ1/2 and H ≥ 4.
In part (ii) we have d = 1 and we may assume N ≥ 4. Here a is coprime to N and
so gcd(ab,N) = gcd(b,N). In (3.3) we take H = N and use again Lemma 3.2 with C
as before to find
D ≪ 1
N
+
N
∑
b=1
C
bϕ(N/ gcd(b,N))
≪ 1
N
+ ∑
g|N
N
∑
b=1
g|b
C
bϕ(N/g)
≪ 1
N
+ ∑
g|N
C
gϕ(N/g)
N/g
∑
e=1
1
e
.
In the sum over g we have gϕ(N/g) ≥ ϕ(N) and the harmonic sum is≪ logN. So
D ≪ 1/N + C(logN)d0(N)/ϕ(N), which implies (ii). 
A variant of the case d = 1 already appears in Lemma 1.3 [3], it is attributed to
Pomerance.
The discrepancy bound in (i) depends on δ(ζ). But δ(ζ) is always bounded above
by N. So estimates involving N are stronger than estimates involving δ(ζ). However,
there can be no upper bound for the discrepancy in terms of the order N.
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For d = 1 we have δ(ζ) = N. If [ΓN : G] and fG are fixed, the decay of the discrep-
ancy is 1/N up-to terms of subpolynomial growth. This fact will be important.
The next lemma requires Koksma’s inequality.
Lemma 3.4. Let F : [0, 1]→ R be a function of bounded total variation Var(F). If N ≥ 1 is
an integer and G is a subgroup of ΓN such that {ζσ : σ ∈ G} = {e(xi) : 1 ≤ i ≤ #G} with
all xi in [0, 1), then∣∣∣∣∣ 1#G #G∑
i=1
F(xi)−
∫ 1
0
F(x)dx
∣∣∣∣∣ ≪ [ΓN : G]f1/2G log(2N)d0(N)ϕ(N) Var(F).
Proof. The claim follows easily from Theorem 5.4 [20] together with Proposition 3.3(ii).

3.1. A univariate average. For x ∈ R let us consider
(3.5) Fα,r(x) = logmax (r, |e(x)− α|) ,
where α ∈ C and r > 0 is a truncation parameter. Then Fα,r is continuous and its total
variation Var(Fα,r) on [0, 1] satisfies
(3.6) Var(Fα,r) ≪ |log r|,
uniformly in α ∈ C, i.e., the implied constant is absolute; it is also effective.
Lemma 3.5. Let ζ ∈ µ∞ have order N and let G be a subgroup of ΓN . If α ∈ C and r ∈ (0, 1]
is a real number, then
(3.7)
1
#G ∑
σ∈G
|ζσ−α|>r
log |ζσ − α| = log+ |α|+O
(
[ΓN : G]f
1/2
G
log(2N)d0(N)
ϕ(N)
|log r|+ r| log r|
)
.
Proof. We let I denote the left-hand side of (3.7), it equals
1
#G
#G
∑
i=1
Fα,r(xi) +
1
#G ∑
i
|e(xi)−α|≤r
− log r
with the xi ∈ [0, 1) as in Lemma 3.4. Thus
(3.8)
I =
∫ 1
0
Fα,r(x)dx+
∫
|e(x)−α|≤r
|log r|dx+O
(
[ΓN : G]f
1/2
G
log(2N)d0(N)
ϕ(N)
|log r|
)
,
having recalled (3.6) and applied Lemma 3.4 twice, once to Fα,r and once to the char-
acteristic function that detects |e(x) − α| ≤ r on [0, 1]; the integrals here and below
are understood to be over subsets of [0, 1]. The sum of both integrals in (3.8) equals∫ 1
0
log |e(x)− α|dx−
∫
|e(x)−α)|≤r
log |e(x)− α|dx.
Jensen’s Formula implies that the first integral equals log+ |α|. The second integral is
O (r|log r|). The lemma follows from (3.8). 
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3.2. A Galois conjugate near 1. We will also need an estimate on the minimal dis-
tance of a Galois conjugate of a torsion point to the unit element.
Lemma 3.6. Let ζ ∈ Gdm have order N and let G be a subgroup of ΓN . There exist σ ∈ G
and a ∈ Zd with ζ = e(aσ/N), |a| < N, and
(3.9)
|a|
N
≪d
[ΓN : G]
1/df
1/(2d)
G
δ(ζ)1/(3d)
.
Proof. Let ζ = e(b/N) with b ∈ Zd, the entries of b and N have no common prime di-
visor. Suppose x1, . . . , xn are as in Proposition 3.3 coming from the ζ
σ as σ ranges over
G where n = #G. There exists c(d) > 0 depending only on d with D(x1, . . . , xn) ≤
c(d)[ΓN : G]f
1/2
G δ(ζ)
−1/3. We set κ = 2c(d)1/d[ΓN : G]1/df
1/(2d)
G δ(ζ)
−1/(3d). There
is nothing to show if κ ≥ 1. Otherwise, by the definition of the discrepancy the
hypercube [0, κ)d contains some xi = a/N. Hence a satisfies, |a| < N, (3.9), and
e(a/N) = ζσ
−1
for some σ ∈ G. 
4. THEOREM OF MAHLER–MIGNOTTE
In this section, we firstly establish the separation of pairs of roots of an integer
polynomial. Theorem 4.1 below was shown by Mahler [30] for the case k = 1 of a
single pair of roots. Mignotte [31] generalized Mahler’s inequality to products over
several disjoint pairs of roots (see his Theorem 1). We reproduce here a lightened ver-
sion of Mignotte’s theorem that is suitable for our needs. The proof is an adaptation
of Mahler’s original argument about a single pair, guided by the principle that Liou-
ville’s Inequality bounds an algebraic number at an arbitrary set of places in terms
of the height. Let us also mention Gu¨ting’s proof [18] of a less precise earlier result
involving the length of a polynomial instead of the Mahler measure.
Let Q ∈ C[X] be a non-zero univariate polynomial. By Jensen’s formula its Mahler
measure equals
(4.1) m(Q) = log |a0|+
D
∑
i=1
log+ |zi|
if Q = a0(X− z1) · · · (X− zD) and where the zi are complex. If Q is non-constant, we
let disc(Q) denote its discriminant as a degree degQ polynomial.
Theorem 4.1. Let Q ∈ C[X] \C be of degree D and with no repeated roots. If z1, . . . , zk, z′1, . . . , z′k
are pairwise distinct complex roots of Q, then
(4.2)
k
∑
j=1
− log |zj − z′j| ≤
D+ 2k
2
logD− k
2
log 3+ (D− 1)m(Q)− 1
2
log |disc(Q)|
with strict inequality for k ≥ 1.
Proof. We modify Mahler’s argument as follows.
Clearly, wemay assume k ≥ 1. Both sides of (4.2) are invariant undermultiplication
Q by a non-zero scalar. So we may assume that Q is monic. After possibly swapping
zj with z
′
j we may assume |zj| ≥ |z′j| for all j.
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We augment z1, . . . , zk to all complex roots z1, . . . , zD of Q. Then we consider the
Vandermonde determinant
V = det

1 1 . . . 1
z1 z2 . . . zD
...
...
...
zD−11 z
D−1
2 . . . z
D−1
D
 ,
which is non-zero as z1, . . . , zD are pairwise distinct. For j ∈ {1, . . . , k}, let ij > k
be the index with z′j = zij . For these j, we subtract the ij-th column from the j-th
column and factoring each difference zj− zij out of the determinant with the identities
zmj − zmij = (zj − zij)(z
m−1
j + z
m−2
j zij + · · · + zm−1ij ), 1 ≤ m ≤ D − 1. We obtain an
expression
(4.3) V = W
k
∏
j=1
(zj − zij) = W
k
∏
j=1
(zj − z′j),
whereW 6= 0 is the determinant of the matrix having
0
1
zj + z
′
j
...
zD−2j + z
D−3
j z
′
j + · · ·+ z′jD−2

for its j-th column, j ∈ {1, . . . , k}, and the same entries as in the Vandermonde matrix
in the remaining columns. By Hadamard’s inequality, |W| is bounded from above by
the product of the Hermitian norms of all these columns. The j-th column, for some
j ∈ {1, . . . , k}, has Hermitian norm√√√√D−2∑
m=0
|zmj + zm−1j z′j + · · ·+ z′jm|2 ≤
√√√√D−2∑
m=0
(m+ 1)2max{1, |zj|, |z′j|}D−2
<
√
D3/3 ·max{1, |zj|}D−1
where we used |z′j| ≤ |zj|. The Hermitian norm of the j-th column with j ∈ {k +
1, . . . ,D} is at most √Dmax{1, |zj|}D−1.
Applying Hadamard’s inequality, using these two bounds, and taking the loga-
rithm yields
log |W| < k
2
log
(
D3
3
)
+
D− k
2
logD+ (D− 1)
D
∑
j=1
log+ |zj|
=
D+ 2k
2
logD− k
2
log 3+ (D− 1)m(Q)
as Q is monic.
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The squarefree polynomial Q has discriminant disc(Q) = V2. Consequently |V| =
|disc(Q)|1/2, and in view of (4.3) we have
k
∑
j=1
− log |zj − z′j| = log |W| − log |V|
<
D+ 2k
2
logD− k
2
log 3+ (D− 1)m(Q)− 1
2
log |disc(Q)|
which concludes the proof. 
While Theorem 4.1 suffices for our needs here, we remark that it is possible to relax
the hypothesis to having z1, . . . , zk pairwise distinct and {z1, . . . , zk} ∩ {z′1, . . . , z′k} =
∅, at the cost of a slightly worse upper bound (4.2)
The following corollary holds for integral polynomials that are not necessarily
squarefree.
Corollary 4.2. Let Q ∈ Z[X] \Z be of degree D. If z1, . . . , zk, z′1, . . . , z′k are pairwise distinct
complex roots of Q, then
k
∑
j=1
− log |zj − z′j| ≤
D+ 2k
2
logD− k
2
log 3+ (D− 1)m(Q)(4.4)
with strict inequality for k ≥ 1.
Proof. Again we may assume k ≥ 1. We begin by splitting off the squarefree part of
Q. More precisely, we factor Q = Q˜R where Q˜, R ∈ Z[X] and Q˜ is squarefree and
vanishes at all complex roots ofQ. The discriminant disc(Q˜) is a non-zero integer, and
so |disc(Q˜)| ≥ 1. Moreover, m(Q˜) ≥ 0. Theorem 4.1 applied to Q˜ and 1 ≤ deg Q˜ ≤ D
imply that the sum on the left of (4.4) is at most 12(D + 2k) logD − k2 log 3+ (D −
1)m(Q˜). The corollary follows from m(Q˜) = m(Q)−m(R) ≤ m(Q). 
4.1. A repulsion property of the unit circle. Akey point in [19] is that whileMahler’s
theorem does not give a strong enough bound for the distance of a complex root of
Q ∈ Z[X] \ {0} to an N-th root of unity (the product (XN − 1)Q(X) has an exceed-
ingly large degree), it can be used to bound the distance from the unit circle to the
locus of roots of P lying off the unit circle. With Corollary 4.2, this repulsion property
of the unit circle can be strengthened as follows.
Lemma 4.3. Let Q ∈ Z[X] \Z and Q = a0(X − z1) · · · (X − zD) where z1, . . . , zD ∈ C.
Then
(4.5)
D
∑
j=1
|zj|6=1
log+
1∣∣|zj| − 1∣∣ ≤ D log
(
3+
√
5
2
)
+ 2D log(2D) + 4Dm(Q)
≤ 4D(log(2D) +m(Q)).
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Before we come to the proof let us remark that ||z| − 1| is the distance dist(z, S1) of
z ∈ C to the unit circle S1. Thus inequality (4.5) can be restated as providing
1
D
D
∑
j=1
|zj|6=1
log+
1
dist(zj, S1)
≤ log
(
3+
√
5
2
)
+ 2 log(2D) + 4m(Q).
Our result suggests that the unit circle repels roots of Q that lie off the unit circle.
Related estimates are implicit in work of Dubickas [13], cf. his Theorem 2.
Proof. The second bound in (4.5) is elementary, so it suffices to prove the first one. We
will prove (4.5) for Q irreducible in Z[X] and may assume Q(0) 6= 0.
We will apply Corollary 4.2 to the polynomial Q˜ ∈ Z[X] constructed from Q in the
following manner. If Q(1/X)XD 6= ±Q we take Q˜ = Q(X)Q(1/X)XD and Q˜ = Q
otherwise. So D˜ = deg Q˜ = δD and m(Q˜) = δm(Q) with δ = 2 in the first case and
δ = 1 in the second case. For any root z of Q˜ we also have Q˜(1/z) = 0.
The following basic observation for a complex number zwill prove useful. We have
|z− 1/z| ≤ 1 if and only if φ−1 ≤ |z| ≤ φ with φ = (1+√5)/2 the golden ratio.
Let w1, . . . ,wk be the roots of Q˜ without repetition such that φ
−1 ≤ |wj| < 1. Then
w′j = 1/wj is a root of Q˜ for each j ∈ {1, . . . , k} with |w′j| > 1. Corollary 4.2 yields
(4.6)
k
∑
j=1
log+
1∣∣wj − 1/wj∣∣ ≤ δD log(δD) + δ2Dm(Q)
because k ≤ D˜/2 = δD/2 and m(Q) ≥ 0.
Suppose zj is a root of Q with |zj| 6= 1 and φ−1 ≤ |zj| ≤ φ. Then zj ∈ {wl, 1/wl}
for some unique l. The mapping j 7→ l is at worst 2-to-1 and injective if δ = 2 as Q is
irreducible. 1 This leads to the factor 2/δ in
(4.7) ∑
|zj|6=1
1/φ≤|zj|≤φ
log+
1∣∣zj − 1/zj∣∣ ≤ 2δ
k
∑
l=1
log+
1∣∣wl − 1/wl∣∣
For a complex number z with |z| ≥ φ−1 we have |z − 1/z| = |z|+1|z|
∣∣|z| − 1∣∣ ≤
(1+ φ)
∣∣|z| − 1∣∣. This allows us to get
∑
|zj|6=1
1/φ≤|zj|≤φ
log+
1∣∣|zj| − 1∣∣ ≤ s log(1+ φ) + ∑|zj|6=1
1/φ≤|zj|≤φ
log+
1
|zj − 1/zj|
where s is the number of terms in the first sum. There are at most D − s other roots
of Q and if |zj| < φ−1 or |zj| > φ we get log+ 1/
∣∣|z| − 1∣∣ ≤ log(1+ φ). Together with
(4.6) and (4.7) we find
∑
|zj|6=1
log+
1∣∣|zj| − 1∣∣ ≤ D log(1+ φ) + 2D log(δD) + 2δDm(Q).
1Indeed, if zj, zk ∈ {wl , 1/wl} with zj 6= zk, then zj = 1/zk. So Q˜ = Q and hence δ = 1 in this case.
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For irreducible Q the bound (4.5) follows as δ ≤ 2.
We factor a general Q into a0Q1 · · ·Qn where each Qi ∈ Z[X] is irreducible and of
positive degree and a0 ∈ Z. It suffices to observe thatm(Qi) ≤ m(Q) and ∑i degQi =
degQ to recover the general case from (4.5) in the irreducible case. 
Next we generalize our bound to a polynomial with coefficients in a number field.
Recall that h(Q) is the absolute logarithmic projective Weil height of a non-zero poly-
nomial Q with algebraic coefficients.
Corollary 4.4. Let F ⊂ C be a number field and let Q ∈ F[X] \ F and Q = a0(X −
z1) · · · (X − zD) where z1, . . . , zD ∈ C. Then
(4.8)
D
∑
j=1
|zj|6=1
log+
1∣∣|zj| − 1∣∣ ≤ 10D[F : Q]2(log(2D) + h(Q)).
Proof. Let Q˜ be the product of the Q-Galois conjugates of Q. Then Q˜ has rational
coefficients and degree D˜ ≤ D[F : Q]. Let λ ∈ N such that λQ˜ is integral with
content 1. For the projective height we find h(Q˜) = log |λQ˜|. Together with Lemma
1.6.7 [5] we get m(λQ˜) ≤ 12 log(1+ D˜) + h(Q˜). As all Q-Galois conjugates of Q have
the same projective height we use elementary estimates at local places to find
h(Q˜) ≤ [F : Q] log(1+ D) + [F : Q]h(Q).
By Lemma 4.3 applied to λQ˜, the sum ∑Dj=1:|zj|6=1 log
+ 1/
∣∣|zj| − 1∣∣ is at most
4D˜
(
log(2D˜) +
1
2
log(1+ D˜) + [F : Q] log(1+ D) + [F : Q]h(Q)
)
.
We use 1+ D˜ ≤ 2D˜ ≤ 2D[F : Q] ≤ (2D)[F:Q] to complete the proof. 
4.2. Averages over roots of unity. In this subsection we apply the repulsion property
of the unit circle, Corollary 4.4, to estimate the norm of cyclotomic integers of the form
Q(ζ), where ζ is a varying root of unity while Q is a moderately controlled univariate
polynomial with algebraic coefficients and without zeros in S1 \ µ∞. This gives a
fairly uniform solution of the one dimensional essentially atoral case and forms the
basis for the higher dimensional case to be taken up in the next sections.
Proposition 4.5. Let F ⊂ C be a number field and let Q ∈ F[X]\{0} be of degree at most
D ≥ 1 with no roots in S1\µ∞. Let ζ ∈ µ∞ be of order N and G a subgroup of ΓN such that
Q(ζσ) 6= 0 for all σ ∈ G. Then
(4.9)
1
#G ∑
σ∈G
log |Q(ζσ)| = m(Q)+
O
(
[F : Q]2[ΓN : G]f
1/2
G D(log(2D) + h(Q))
(log 2N)3d0(N)
N
)
.
Proof. We may assume that Q is non-constant and D = degQ. Let Q = a0(X −
z1) · · · (X− zD). The idea is that each given root zj may get within distance of≤ 1/N
to at most a single conjugate of ζ.
GALOIS ORBITS AND ATORAL SETS 19
We call zj exceptional if |ζσj − zj| ≤ 1/N for some σj ∈ G. As |ξ − ξ′| ≥ 4/N for
distinct roots of unity ξ, ξ′ of order N we see that σj is uniquely determined by zj.
Note that ζσj 6= zj because Q(zj) = 0 6= Q(ζσj ).
We apply Lemma 3.5 with α = zj and r = 1/N as above to get
(4.10)
1
#G ∑
σ∈G
log |ζσ − zj|
= log+ |zj|+ 1#G log |ζ
σj − zj|+O
(
[ΓN : G]f
1/2
G
(log 2N)2d0(N)
ϕ(N)
+
log 2N
N
)
,
where the term (#G)−1 log |ζσj − zj| is to be omitted if zj is not exceptional. As 1/N ≤
1/ϕ(N) we can absorb (log 2N)/N into the first term of the error term. Summing
(4.10) over all j ∈ {1, . . . ,D} and adding log |a0| gives
(4.11)
1
#G ∑
σ∈G
log |Q(ζσ)| = m(Q)− 1
#G
D
∑
′
j=1
log
1
|ζσj − zj| +O
(
[ΓN : G]f
1/2
G D
(log 2N)2d0(N)
ϕ(N)
)
,
the dash signifies that we only sum over those j for which zj is exceptional.
To bound the dashed sum we require Corollary 4.4. So say zj is exceptional. Then
zj 6∈ S1\µ∞ by hypothesis and |ζσj − zj| ≤ e−T ≤ 1; the dashed sum is non-negative.
Let us assume for the moment that zj 6∈ µ∞. Then |zj| 6= 1 and |ζσj − zj| ≥ ||zj| − 1|
by the reverse triangle inequality. By Corollary 4.4 we find
(4.12)
0 ≤
D
∑
′
j=1
zj 6∈µ∞
log
1
|ζσj − zj| ≤
D
∑
′
j=1
zj 6∈µ∞
log+
1
||zj| − 1| = O
(
[F : Q]2D(log(2D) + h(Q))
)
.
The case zj ∈ µ∞ is harmless. We already saw ζσj 6= zj. Since the order of zj is
≪ [Q(zj) : Q]2 ≤ (D[F : Q])2 and the order of ζσj is N we find |ζσj − zj| ≫ N−1(D[F :
Q])−2. On the other hand, |ζσj − zj| ≤ e−T ≤ N−2 and hence N ≪ (D[F : Q])2. We
obtain the crude estimate |ζσj − zj| ≫ (D[F : Q])−4 ≫ (2D)−4[F:Q] and finally bound
the at most D terms below separately to get
(4.13) 0 ≤
D
∑
′
j=1
zj∈µ∞
log
1
|ζσj − zj| = O ([F : Q]D log(2D)) .
We divide the sum of (4.12) and (4.13) by #G to find
0 ≤ 1
#G
D
∑
′
j=1
log
1
|ζσj − zj| = O
(
[F : Q]2D(log(2D) + h(Q))
[ΓN : G]
ϕ(N)
)
.
The proposition follows from (4.11) and ϕ(N) ≫ N/ log log(3N). 
Proposition 4.5 and ultimately Theorem 4.1 may be viewed as our input from tran-
scendence theory. If this or a comparable bound heldwithout the restrictive condition
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that Q has no roots in S1 \ µ∞ then it could be used to attack Conjecture 1.3. We were
unable to prove or disprove that a suitable version of Theorem 4.5 extends to general
polynomials. Here the crux of the matter lies in Conjecture 1.3.
5. GEOMETRY OF NUMBERS
Let d ≥ 1 and suppose ζ ∈ Gdm has order N. It would be useful if ζ had a Galois
conjugate close to the unit element 1. If the distance were at most a small power of
N−1, this conjugate could be used to help reduce the multivariate Theorem 1.1 to the
univariate Proposition 4.5, cf. [19].
Unfortunately, such a conjugate need not exist. Take for example ζ = e(1/p, 1/pn)
where p is a prime and n ∈ N, here N = pn. Any conjugate of ζ has distance≫ 1/p
to 1 regardless of the value of n. The problem is that ζ is up-to a point of order p
contained in the algebraic subgroup {1} ×Gm.
We overcome this difficult by constructing a factorization ζ = ηξ into torsion points
η and ξ that satisfy the following properties for prescribed ǫ > 0. First, the order of η
is small relative to N, more precisely it is Od,ǫ(N
ǫ). Second, some Galois conjugate of
ξ is at distance at mostOd,ǫ(N
−κ(ǫ)) to 1. Here κ(ǫ) is expected to be small for small ǫ,
but we will see that κ(ǫ)/ǫ is large. This is of central importance for our application.
We use the Geometry of Numbers to construct this factorization. A central role is
played by the analog of the Harder–Narasimhan Filtration for lattices developed by
Stuhler [39] and Grayson [17].
A lattice Λ in Rd is a finitely generated and discrete subgroup of Rd. The rank of Λ
is denoted by RkΛ and its determinant by detΛ. We consider the set
A = {(r, log detΩ) : r ∈ Z and Ω is a subgroup of Λ with RkΩ = r}
and use the convention det{0} = 1. In constrast to the convention in Arakelov the-
ory, we have no sign in front of logdetΛ. Observe that the second coordinate is
bounded from below on A. Stuhler proved that for each j ∈ {0, . . . , RkΛ} there
exists a lattice Λj ⊂ Λ, possibly non-unique, with logdetΛj minimal. The convex
hull of A is bounded from below by a piece-wise linear, continuous, convex func-
tion f : [0, RkΛ] → R. As Λ0 = {0} and ΛRkΛ = Λ we find f (0) = 0 and
f (RkΛ) = log detΛ.
For each j ∈ {1, . . . , RkΛ}, the slope of f on [j− 1, j] is
µj(Λ) = f (j)− f (j− 1).
By convexity we have
µ1(Λ) ≤ µ2(Λ) ≤ · · · ≤ µRkΛ(Λ).
Moreover, µ1(Λ)+ · · ·+µj(Λ) = f (j)− f (0) = f (j) for all j as f (0) = log detΛ0 = 0.
The Harder–Narasimhan Filtration of Λ consists of those Λj such that the deriva-
tive of f jumps at j, i.e., µj(Λ) < µj+1(Λ); then f (j) = log detΛj. It is convenient to
include Λ0 = {0} and ΛRkΛ = Λ as members of the filtration. The resulting lattices
are unique and form a chain, hence the word filtration.
Assume Λ 6= {0} and let ν ∈ (0, 1/2] be a parameter. Suppose that
µj(Λ) < ν
RkΛ−j+1 log detΛ
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for all j ∈ {1, . . . , RkΛ}. Taking the sum yields
logdetΛ < (ν+ ν2 + · · ·+ νRkΛ) log detΛ.
As ν ∈ (0, 1/2] we must have detΛ < 1.
Let us now assume detΛ ≥ 1, then there exists j ∈ {0, . . . , RkΛ− 1} such that
µk(Λ) < ν
RkΛ−k+1 log detΛ for all 1 ≤ k ≤ j and µj+1(Λ) ≥ νRkΛ−j log detΛ.
(5.1)
From this we see µj(Λ) < µj+1(Λ) if j ≥ 1, thus f (j) = log degΛj. We write Λ(ν)
for the rank j lattice Λj. It satisfies RkΛ/Λ(ν) ≥ 1, depends on the parameter ν, and
appears in the Harder–Narasimhan Filtration of Λ; note that Λ(ν) = {0} is possible.
So Λ(ν) appears before a prominent jump in the filtration if detΛ > 1.
Here are two simple properties.
First, for the Euclidean norm | · |2 we claim
(5.2) log |v|2 ≥ νRkΛ/Λ(ν) log detΛ for all v ∈ Λ\Λ(ν).
Indeed, the lattice Λ′ generated by Λ(ν) and v contains Λ(ν) strictly. We must have
RkΛ′ > RkΛ, as detΛ′ would otherwise be strictly less than detΛ. This shows in
particular that Λ/Λ(ν) is torsion free; a well-known property of theHarder–Narasimhan
Filtration. So RkΛ′ = RkΛ+ 1 and by convexity of f we find logdetΛ′ ≥ log detΛ(ν)+
µj+1(Λ). On the other hand, det(Λ
′) ≤ det(Λ′)det(Λ(ν)∩ vZ) ≤ det(Λ(ν))det(vZ)
by Proposition 2 [39]. We conclude logdet(vZ) ≥ µj+1(Λ). Now det(vZ) = |v|2, so
(5.2) follows from (5.1).
Second, (5.1) implies
(5.3) log detΛ(ν) ≤ µ1(Λ) + · · ·+ µj(Λ) ≤ 2ν1+RkΛ/Λ(ν) log detΛ.
We now make things more concrete. Let ζ ∈ Gdm have order N and set
(5.4) Λζ = {u ∈ Zd : ζu = 1}.
Then Λζ is a lattice in R
d of rank d. By duality Zd/Λζ is isomorphic to the group
generated by ζ. In particular, detΛζ = [Z
d : Λζ ] = N ≥ 1. The saturation
(5.5) Λ˜ζ(ν) = {u ∈ Zd : there is n ∈ Z\{0} such that nu ∈ Λζ(ν)}
of Λζ in Z
d will also be useful for us. It is a lattice of the same rank as Λζ(ν).
For any lattice Λ ⊂ Rd of positive rank we set
(5.6) λ1(Λ) = min {|u| : u ∈ Λ\{0}} .
It is convenient to define λ1({0}) = ∞.
Proposition 5.1. Let ν ∈ (0, 1/4] and let ζ ∈ Gdm be of order N. There exists V ∈ GLd(Z)
and a decomposition ζ = ηξ with η and ξ in Gdm of finite order E and M, respectively such
that the following holds. We abbreviate i = RkΛ/Λ(ν) ∈ {1, . . . , d}.
(i) We have E | N,M | N, and E ≤ N2ν1+i . In particular, Q(η, ξ) = Q(ζ).
(ii) We have |V| ≪d N2ν1+i with ξV = (1, . . . , 1, ξ′) and ξ′ ∈ Gim.
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(iii) If G is a subgroup of ΓM there exist a ∈ Zi and σ ∈ G such that ξ′ = e(aσ/M),
(5.7) |a| < M, and |a|
M
≪d
[ΓM : G]f
1/2
G
Nν
i/(6d)
.
(iv) With the definition (1.1) we have δ(ξ) ≥ d−1/2min{λ1(Λ˜ζ(ν)),Nνd/2}.
Moreover, if i = d, or equivalently Λ(ν) = {0}, then ξ = ζ, η = 1,M = N, E = 1, and V
is the identity matrix.
Proof. We abbreviate Λ = Λζ as well as Λ(ν) = Λζ(ν) and Λ˜(ν) = Λ˜ζ(ν). Note
detΛ = N.
We can find a collection of d− i = Rk Λ˜(ν) linearly independent vectors in Λ˜(ν)
whose norms are at most ≪d det Λ˜(ν) by applying, for example, Minkowski’s Sec-
ond Theorem. By appending suitable standard basis vectors of Zd we find d linearly
independent vectors in Zd. By Corollary 2, Chapter I.2 [9] applied to Zd we get a ba-
sis of Zd whose entries have norm ≪d det Λ˜(ν). Moreover, the first Rk Λ˜(ν) entries
of this basis are a basis of the saturated group Λ˜(ν). Thus there exists V ∈ GLd(Z)
whose first Rk Λ˜(ν) columns constitute a basis of Λ˜(ν) and
(5.8) |V| ≪d det Λ˜(ν).
As det Λ˜(ν) ≤ detΛ(ν), the bound for |V| in (ii) follows from (5.3).
We write ζV = (η′, ξ′)where η′ ∈ Gd−im and ξ′ ∈ Gim both have finite order dividing
N. We take η and ξ from the assertion to equal (η′, 1, . . . , 1)V−1 and (1, . . . , 1, ξ′)V−1 ,
respectively.
Observe that [Λ˜(ν) : Λ(ν)]Λ˜(ν) ⊂ Λ(ν) ⊂ Λ. So the first Rk Λ˜(ν) entries of
ζ[Λ˜(ν):Λ(ν)]V are η′[Λ˜(ν):Λ(ν)] = 1. This implies that E = ord(η) from the assertion
satisfies E | [Λ˜(ν) : Λ(ν)] and thus E ≤ detΛ(ν) ≤ N2ν1+i by (5.3).
To verify (iii) let us fix v ∈ Zi\{0} such that ξ′v = 1 and |v| = δ(ξ′). Then ξV ′v =
1 where V ′ ∈ Matdi(Z) consists of the final i columns of V. Raising to the E-th
power to kill η yields ζEV
′v = 1. Therefore, EV ′v ∈ Λ. Note that EV ′v 6∈ Λ(ν),
indeed otherwise V ′v would lie in the saturation Λ˜(ν). This is impossible as no non-
trivial linear combination of columns of V ′ lies in Λ˜(ν)which is generated by the first
Rk Λ˜(ν) columns of V. Thus (5.2) implies |EV ′v|2 ≥ Nνi . By (5.8)
|EV ′v| ≪d E|V ′||v| ≪d E|V||v| ≪d [Λ˜(ν) : Λ(ν)]det(Λ˜(ν))|v| = det(Λ(ν))|v|
we conclude Nν
i ≪d det(Λ(ν))|v|. The determinant bound in (5.3) gives
δ(ξ ′) = |v| ≫d Nνi−2ν1+i ≫d Nνi/2
and the last inequality used ν ≤ 1/4.
To complete the proof of (iii) let G be a subgroup of ΓM where M = ord(ξ) =
ord(ξ′). By Lemma 3.6 applied to ξ′ there are a ∈ Zi and σ ∈ Gwith ξ′ = e(aσ/M), |a| <
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M, and
(5.9)
|a|
M
≪d
[ΓM : G]
1/if
1/(2i)
G
δ(ξ ′)1/(3i)
≪d
[ΓM : G]f
1/2
G
Nν
i/(6d)
.
It remains to check (iv). Say v ∈ Zd\{0} with ξv = 1 and |v| = δ(ξ). Then
ζv = ηvξv = ηv. Thus Ev ∈ Λ and there are two cases to consider. If v ∈ Λ˜(ν),
then |v|2 ≥ λ1(Λ˜(ν)) by definition. Otherwise, v 6∈ Λ˜(ν) in which case Ev 6∈ Λ(ν)
by saturation. Here we can use (5.2) and the bound for E from (i) to conclude |v|2 ≥
E−1Nνi ≥ Nνi−2ν1+i ≥ Nνi/2. So |v| ≥ |v|2/
√
d ≥ Nνi/2/√d, as claimed in (iv). 
The situation simplifies as follows when N is a prime number. Then we must have
E = 1 as E | N and E ≤ N2ν1+i < N from part (i) above. Thus η = 1 and ζ = ξ.
6. A PRELIMINARY RESULT
Let d ≥ 1 be an integer.
Definition 6.1. We use the convention inf∅ = ∞. For u ∈ Zd we define
(6.1) ρ(u) = inf
{|v| : v ∈ Zd\{0} and 〈u, v〉 = 0}.
For a Laurent polynomial P ∈ Q[X±11 , . . . ,X±1d ] we define
B(P) = inf{B ∈ N : if η ∈ (µ∞)d, z ∈ S1\µ∞ is algebraic, and u ∈ Zd with P(ηzu) = 0
then ρ(u) ≤ B}.
Let us spell this out for d = 1. Then ρ(u) = 0 for u = 0 and ρ(u) = ∞ otherwise.
If P vanishes at a point S1 of infinite order, then B(P) = ∞. Conversely, if P does not
vanish at any point of S1\µ∞ then we have B(P) = 1. In particular, if d = 1 and P is
essentially atoral, then B(P) = 1.
Let ζ ∈ Gdm have order N and say ν ∈ (0, 1/2]. Below we make heavy use of the
canonically determined lattice Λζ(ν) attached to (ζ, ν) as in Section 5. Recall that
λ1(Λ˜ζ(ν)) is the least positive Euclidean norm of a vector in the saturation of Λζ(ν)
in Zd. For technical reasons we work with
(6.2) λ˜(ζ; ν) = min
{
λ1(Λ˜ζ(ν)),N
νd/2
}
.
For example, if Λζ(ν) is {0}, then the minimum equals Nνd/2.
An important goal is to generalize Proposition 4.5 to multivariate polynomials.
Proposition 6.2 below is a step in this direction.
Proposition 6.2. Let K ⊂ C be a number field, 0 < ν ≤ 1/(128d2), and suppose P ∈
K[X1, . . . ,Xd]\{0} has at most k non-zero terms for an integer k ≥ 2 and satisfies B(P) <
∞. Let ζ ∈ Gdm have order N, write i = d− RkΛζ(ν) ≥ 1, and suppose G is a subgroup of
ΓN . The following hold true if P(ζ
σ) 6= 0 for all σ ∈ G:
(i) If d = 1, then
1
#G ∑
σ∈G
log |P(ζσ)| = m(P) +Od,k
(
[K : Q]2[ΓN : G]
2fG deg(P)
2(1+ h(P))
Nν
i/(20d)
)
.
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(ii) If d ≥ 2 and λ˜(ζ; ν) > d1/2max{B(P), deg P}, then
(6.3)
1
#G ∑
σ∈G
log |P(ζσ)| = m(P)+
Od,k
(
[K : Q]2[ΓN : G]
2fG deg(P)
2(1+ h(P))
Nν
i/(20d)
+
deg(P)16d
2
λ˜(ζ; ν)1/(16(k−1))
)
.
Proof. We may assume that P is non-constant. Part (i) follows with ample margin
from Proposition 4.5 with Q = P and F = K. Indeed, we use require the standard
estimate d0(N) ≪ǫ Nǫ which holds for all ǫ > 0. We refrain from stating better
bounds in (i) for the purpose better comparability with the bounds in part (ii).
We split the proof of part (ii) up into 5 steps.
Step 1: Reduction to the univariate case. We write L for the fixed field of G in
Q(ζ). Note that G is the Galois group of Gal(Q(ζ)/L) = Gal(L(ζ)/L).
By Proposition 5.1 applied ζ we obtain V ∈ GLd(Z) and a decomposition ζ = ηξ.
Let E = ord(η) and M = ord(ξ). By (i) of Proposition 5.1 we find
(6.4) E ≤ N2ν1+i and thus M ≥ N/E ≥ N1−2ν1+i .
The group used in Proposition 5.1(iii) is obtained as follows; we denote it with H
to avoid a clash of notation with G from above. By Galois theory the restriction ho-
momorphism Gal(L(ξ)/L) → Gal(Q(ξ)/Q(ξ) ∩ L) is an isomorphism. We identify
the two groups, considering them as a subgroup of ΓM. Let H be the subgroup of ΓM
thus identified with Gal(L(ξ)/L(ξ) ∩ L(η)).
For future reference we estimate the conductor of H ⊂ ΓM. The fixed field of
H in Q(ξ) is Q(ξ) ∩ L(η). By the characterization of fG, the field L is contained in
Q(e(1/fG)). So Q(ξ) ∩ L(η) ⊂ Q(e(1/M)) ∩ Q(e(1/fG), e(1/E)) since ξ has order
M and η has order E. This final intersection is generated by a root of unity of order
gcd(M, lcm(fG, E)). We conclude
(6.5) fH ≤ lcm(fG, E) ≤ fGE ≤ fGN2ν1+i
having used (6.4).
We use basic Galois theory to compute
(6.6)
1
#G ∑
σ∈G
log |P(ζσ)| = 1
[L(η) : L] ∑
τ∈Gal(L(η)/L)
1
#H ∑
σ∈Gal(L(ξ)/L)
τ|L(η)∩L(ξ)=σ|L(η)∩L(ξ)
log |P(ητξσ)|.
Observe that the inner sum is over a coset of τ˜H of H inside ΓM; here τ˜ ∈ ΓM restricts
to the restriction τ|L(η)∩L(ξ). Below, τ is as in the outer sum. The inner sum equals
Sτ =
1
#H ∑
σ∈τ˜H
log |P(ητξσ)| = 1
#H ∑
σ∈H
log |P(ητξ τ˜σ)|,(6.7)
that is
(6.8)
1
#G ∑
σ∈G
log |P(ζσ)| = 1
[L(η) : L] ∑
τ∈Gal(L(η)/L)
Sτ .
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By Proposition 5.1(iii) applied to H we get a ∈ Zi satisfying (5.7) and σ0 ∈ H.
We extend a to the left by d − i zeros and obtain a row vector (0, a) ∈ Zd. We set
u = (0, a)V−1 ∈ Zd and use Proposition 5.1(ii) to get ξ = e(uσ0/M). Let us set
(6.9) Q = P(ητXu)X?
in the unknown X; it depends on τ and the exponent ? is chosen to make sure that Q
is a polynomial. So 0 6= |P(ητξ τ˜σ)| = |Q(e(τ˜σσ0/M))| and in particular Q 6= 0. We
may assume that Q(0) 6= 0. The coefficients of Q lie in F = K(η) and Q has at most k
non-zero terms as P has as most this many. All this allows us to rewrite (6.7) using a
univariate polynomial, σ0 above is absorbed by the sum
(6.10) Sτ =
1
#H ∑
σ∈H
log |Q(e(τ˜σ/M))|.
Step 2: Non-vanishing of Q on S1\µ∞. Suppose w ∈ Zd\{0} satisfies 〈u,w〉 =
0 and |w| = ρ(u). Recall that ξ = e(uσ0/M), so ξw = 1. Thus |w| ≥ δ(ξ) and
Proposition 5.1(iv) together with (6.2) yield
(6.11) ρ(u) = |w| ≥ d−1/2λ˜(ζ; ν).
Let z ∈ S1\µ∞ be algebraic. If Q(z) = 0 then P(ητzu) = 0 by (6.9). By definition
〈u, v〉 = 0 for some v ∈ Zd\{0} with |v| ≤ B(P). Since z has infinite order we
conclude 〈u, v〉 = 0 and hence ρ(u) ≤ B(P). This and (6.11) contradict the lower
bound λ˜(ζ; ν) > d1/2B(P) in the hypothesis. Hence Q(z) 6= 0.
Thus Q, having algebraic coefficients, does not vanish at any point of S1\µ∞. As
ρ(u) > 1 we also have u 6= 0.
Step 3: Bounding quantities in prepartion of Proposition 4.5. This step is mainly
bookkeeping. We aim to apply Proposition 4.5 to Q, the root of unity e(τ˜σ/M), and
the subgroup H ⊂ ΓM to determine the asymptotic behavoir of Sτ . To proceed we
bound the various quantities below separately:
(6.12)
[ΓM : H] ≤ [ΓN : G]N2ν1+i ,
fH ≤ fGN2ν1+i ,
deg(Q) ≪d deg(P)min{[ΓN : G]f1/2G N1−ν
i/(10d),N2},
h(Q) = h(P),
[K(η) : Q] = [F : Q] ≤ [K : Q]N2ν1+i ,
Note that #H = [L(ξ) : L(ξ) ∩ L(η)] = ϕ(N)/[L(η) : Q] ≥ ϕ(N)/([L : Q]E).
Hence #H ≥ ϕ(N)N−2ν1+i/[ΓN : G] by (6.4). Since M | N we have ϕ(M) ≤ ϕ(N) and
this implies the first bound.
We already proved the bound for fH in (6.5).
Next comes deg(Q). Observe that
deg(Q) ≪d |a||V−1|deg(P) ≪d |a||V|d−1 deg(P)
≪d [ΓM : H]f1/2H deg(P)N1+2(d−1)ν
1+i−νi/(6d)
≪d [ΓN : G]f1/2G deg(P)N1+2ν
1+i+ν1+i+2(d−1)ν1+i−νi/(6i)
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having used the bounds in Proposition 5.1, M ≤ N, and the first two bounds in
(6.12). As ν ≤ 1/(128d2) the exponent of N is at most 1+ (2d+ 1)ν1+i − νi/(6d) ≤
1− νi/(10d) and thus we obtain
(6.13) deg(Q) ≪d [ΓN : G]f1/2G deg(P)N1−ν
i/(10d)
which is part of the third inequality in (6.12). The bound deg(Q) ≪d deg(P)N2 is
proved similarly, but requires only the trivial estimate |a| < M ≤ N from (5.7) and
|V−1| ≪d N2dν1+i .
We claim that the coefficients of P(ητXu) are equal to the coefficients of P up-to
multiplication by a root of unity. In view of the definition of the height (2.4) this
will imply the fourth claim in (6.12). Indeed, it suffices to rule out that two distinct
monomials in P lead to the same power of X after the substitution. Hence it suffices
to verify ρ(u) > deg P. But this follows from (6.11) and as λ˜(ζ; ν) > d1/2 deg P by
hypothesis.
The degree of the number field F containing the coefficients of Q satisfies
[F : Q] = [K(η) : Q] ≤ [K : Q][Q(η) : Q] ≤ [K : Q]E ≤ [K : Q]N2ν1+i
where we used (6.4). This implies the fifth claim in (6.12).
Step 4: Applying Proposition 4.5 in the univariate case. Our aim is to determine
the asymptotics of (6.10). We use the bounds from the last step to control the error
term in (4.9) arise in Proposition 4.5 applied to Q, e(τ˜σ/M), and H. By (6.12) the error
is
≪ [F : Q]2[ΓM : H]f1/2H deg(Q)(log(2 degQ) + h(Q))
(log 2M)3d0(M)
M
≪d [K : Q]2[ΓN : G]2fG deg(P)(log(2N deg P) + h(P))N9ν
1+i+1−νi/(10d) (log 2M)3d0(M)
N
where we use degQ ≪ N2 deg P to bound log(2 degQ) from above and the lower
bound for M in (6.4).
The exponent of N is 9ν1+i − νi/(10d) ≤ −νi/(19d) as ν ≤ 1/(128d2) ≤ 1/(256d).
As M | N we find d0(M) ≤ d0(N). It is well-known that d0(N) ≪ǫ Nǫ for all ǫ. We
also anticipate log(2N) coming from log(2N deg P) to find
log(2N)N9ν
1+i−νi/(10d)(log 2M)3d0(M) ≪d N−νi/(20d).
Using the crude inequality logdeg P ≤ deg P the error term is thus
≪d [K : Q]2[ΓN : G]2fG deg(P)2(1+ h(P))N−νi/(20d).
Applying Proposition 4.5 and recalling m(Q) = m(P(ητXu)) we find
Sτ = m(P(η
τXu)) +Od
(
[K : Q]2[ΓN : G]
2fG deg(P)
2(1+ h(P))
Nν
i/(20d)
)
.(6.14)
Step 5: Applying the quantitative Lawton Theorem. To determine the asymp-
totics of the Mahler measure we apply our quantitative variant of Lawton’s Theorem,
Theorem A.1 to P(ητ(X1, . . . ,Xd)) 6= 0. This polynomial has the same degree and
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number of terms as P. The exponent vector satisfies ρ(u) ≥ d−1/2λ˜(ζ; ν) by (6.11).
Our hypothesis implies ρ(u) > deg P, as required by Theorem A.1. We find
(6.15) m(P(ητXu)) = m(P(ητ(X1, . . . ,Xd))) +Od,k
(
deg(P)16d
2
λ˜(ζ; ν)1/(16(k−1))
)
.
The Mahler measure of P and P(ητ(X1, . . . ,Xd)) are equal as translating by η
τ ∈
(S1)d does not affect the value of the integral.
By combining (6.14) and (6.15) we conclude
Sτ = m(P) +Od,k
(
[K : Q]2[ΓN : G]
2fG deg(P)
2(1+ h(P))
Nν
i/(20d)
+
deg(P)16d
2
λ˜(ζ; ν)1/(16(k−1))
)
.
The proposition follows from (6.8). 
We now explain why the situation simplifies when the order N of ζ is a prime
number. In this case, after the proof of Proposition 5.1 we observed that η = 1 and
ζ = ξ. In the proof above, inequality (6.11) can be replaced by ρ(u) ≥ δ(ζ). So the
hypothesis on ζ in (ii) of the proposition can be replaced by δ(ζ) > max{B(P), deg P};
see also the argument near (6.15). This is certainly satisfied for δ(ζ) → ∞. Moreover,
λ˜(ζ; ν) can be replaced by δ(ζ) in (6.3). From this point it is not difficult to deduce
Theorem 1.1 when N is a prime.
The remaining argument is required to treat general N. We need to keep track of
extra information such as [K : Q], [ΓN : G], fG, and the dependency on P to anticipate
a monomial change of coordinates.
7. EQUIDISTRIBUTION
Proposition 6.2 closes in on Theorem 1.1. Indeed, suppose that for some choice of
ν the value λ˜(ζ; ν) grows polynomially in δ(ζ). Then the error term of (6.3) tends to 0
as δ(ζ) → ∞ and we are done.
However, consider the following example, already found in the beginning of Sec-
tion 5. Suppose n ≥ 2 and ζp and ζpn are roots of unity of order p and pn, respec-
tively. Say ζ = (ζp, ζpn), it has order p
n. The lattice Λζ contains (p, 0) and this vec-
tor has minimal positive norm in Λζ . For n large enough in terms of ν we have
Λ(ν) = (p, 0)Z and Λ˜(ν) = (1, 0)Z. Thus λ1(Λ˜ζ(ν)) = 1 and this yields λ˜(ζ; ν) = 1.
This example suggests a monomial change of coordinates which we will do in the
next section. In the current section we lay the groundwork for this change of coordi-
nates.
7.1. Numerical integration. We require a higher dimensional replacement of the Koksma
bound, Theorem 5.4 [20]. The classical analog is called the Koksma–Hlawka Inequal-
ity and applies to functions of bounded variation in the sense of Hardy and Krause.
In this subsection we use the more rudimentary modulus of continuity of a continuous
function ψ : [0, 1]d → R defined by
ω(ψ; t) = sup
x,y∈[0,1]d
|x−y|≤t
|ψ(x)− ψ(y)|
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for all t ≥ 0; as usual | · | denotes themaximum-norm on Rd. Wewill use it to estimate
a mean in terms of the corresponding integral in Proposition 7.1. Hlawka [21] has a
related andmore precise result. For the reader’s convenience we give a self-contained
treatment that suffices for our purposes.
Proposition 7.1. Let ψ : [0, 1]d → R be a continuous function and let x1, . . . , xn ∈ [0, 1)d
with discrepancy D = D(x1, . . . , xn). Then
(7.1)
∣∣∣∣∣ 1n n∑
i=1
ψ(xi)−
∫
[0,1)d
ψ(x)dx
∣∣∣∣∣ ≤ (1+ 2d+1)ω(ψ,D1/(d+1)).
Proof. Both sides of (7.1) are invariant under adding a constant function to ψ. So we
may assume ψ(0) = 0.
Let T ≥ 1 be an integral parameter to be determined below. We write [0, 1)d as a
disjoint union of Td half-open hypercubes Qj with side length 1/T. Let Qj denote the
closure of Qj in [0, 1]
d. The Mean Value Theorem tells us that for each j there exists
yj ∈ Qj such that
∫
Qj
ψ(x)dx = vol(Qj)ψ(yj) = T
−dψ(yj).
For each j we write nj = #
{
i ∈ {1, . . . , n} : xi ∈ Qj
}
. So
(7.2)
1
n
∣∣∣∣∣ n∑
i=1
ψ(xi)−∑
j
njψ(yj)
∣∣∣∣∣ ≤ 1n ∑
j
n
∑
i=1
xi∈Qj
|ψ(xi)−ψ(yj)| ≤ 1n ∑
j
ω(ψ; 1/T)nj = ω(ψ; 1/T).
On the other hand, 1n ∑j njψ(yj) equals
∑
j
nj
n
Td
∫
Qj
ψ(x)dx = ∑
j
(1+ δjT
d)
∫
Qj
ψ(x)dx =
∫
[0,1)d
ψ(x)dx + Td ∑
j
δj
∫
Qj
ψ(x)dx
where δj = nj/n− T−d. The definition of discrepancy implies |δj| ≤ D. Hence
(7.3)
∣∣∣∣∣1n ∑
j
njψ(yj)−
∫
[0,1)d
ψ(x)dx
∣∣∣∣∣ ≤ TdD
∫
[0,1)d
|ψ(x)|dx ≤ Td+1Dω(ψ; 1/T)
where we used |ψ(x)| ≤ Tω(ψ; 1/T) for all x ∈ [0, 1]d; recall that ψ(0) = 0.
We apply the triangle inequality to (7.2) and (7.3) and conclude that the left-hand
side of (7.1) is at most (1+ Td+1D)ω(ψ; 1/T). To complete the proof observe that 0 <
D ≤ 1 and fix T = ⌈D−1/(d+1)⌉ which satisfies D−1/(d+1) ≤ T ≤ D−1/(d+1) + 1. 
7.2. Averaging the Mahler measure. This subsection is purely in the complex set-
ting. Let P ∈ C[X±11 , . . . ,X±1d ]\{0} have at most k ≥ 2 non-zero terms, where k is an
integer.
Let l ∈ {1, . . . , d − 1}. For x ∈ Rl we define P
e(x) = P(e(x),Y1, . . . ,Yd−l) ∈
C[Y1, . . . ,Yd−l ]. Next we construct an auxiliary Laurent polynomial P̂ in l variables
whose value at e(x) is comparable to |P
e(x)|. We denote pi ∈ C[X1, . . . ,Xl] the coeffi-
cients of P taken as a polynomial in Xl+1, . . . ,Xd and define
(7.4) P̂ = ∑
i
pi(X1, . . . ,Xl)pi(X
−1
1 , . . . ,X
−1
l ) ∈ C[X±11 , . . . ,X±1l ]
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where the bar denotes complex conjugation. If pi consists of ki non-zero terms, then P̂
consists of at most ∑i k
2
i terms. Since ∑i ki ≤ k we find that P̂ has at most k2 non-zero
terms.
Observe that P̂(e(x)) = ∑i |pi(e(x))|2 ≥ 0. As |Pe(x)| is the maximum of |pi(e(x))|
as i varies, we find
(7.5)
1
k1/2
P̂(e(x))1/2 ≤ |P
e(x)| ≤ P̂(e(x))1/2.
So P
e(x) = 0 if and only if P̂(e(x)) = 0.
The main result of this subsection is
Proposition 7.2. Assume P ∈ C[X1, . . . ,Xd]\C has at most k non-zero terms for an integer
k ≥ 2. Let l ∈ {1, . . . , d − 1} and let P̂ be as above. Suppose x1, . . . , xn ∈ [0, 1)l with
discrepancy D = D(x1, . . . , xn). If Pe(xi) 6= 0 for all i ∈ {1, . . . , n}, then
(7.6)
1
n
n
∑
i=1
m(P
e(xi)
) = m(P) +Od,k
(
deg(P)D1/(16(d+1)k2) +
∣∣∣∣∣m(P̂)− 1n n∑
i=1
log P̂(e(xi))
∣∣∣∣∣
)
.
By a theorem of Boyd [8], the Mahler measure is a continuous function in the coef-
ficients of a non-zero polynomial of fixed degree. Therefore, if the P
e(xi)
in the propo-
sition above are uniformly bounded away from 0, then the average on the left in (7.6)
converges to the integral
∫
[0,1)l m(Pe(x))dx as the discrepancy tends to 0. But even
when |P| = 1 it is conceivable that |P
e(xi)
| is small for some xi and then the Mahler
measure’s logarithmic singularity causes trouble. This happens if and only if P̂(e(xi))
is small by (7.5). The proposition states that we can handle the mean for arbitrary xi
if we can control the logarithmic mean of P̂ over the e(xi).
The proof follows a series of lemmas. Let P and k be as in Proposition 7.2 and
assume in addition that |P| = 1.
Lemma 7.3. let x1, . . . , xn ∈ [0, 1)d have discrepancy D = D(x1, . . . , xn). If r > 0, then
(7.7)
1
n
#{i ∈ {1, . . . , n} : |P(e(xi))| ≤ r} ≪d,k r1/(2k) + deg(P)D1/(d+1)/r.
Proof. For x ∈ [0, 1]d we set
χ(x) = max{0, 2− |P(e(x))|/r}
and this defines a continuous function on [0, 1]d with values in [0, 2].
We note that χ(x) ≥ 1 if |P(e(x))| ≤ r. As χ is non-negative the average 1n ∑ni=1 χ(xi)
is at least the proportion of the i among {1, . . . , n} such that |P(e(xi))| ≤ r. On the
other hand, Lemma A.3(i) implies
(7.8)
∫
[0,1)d
χ(x)dx ≤ 2vol({x ∈ [0, 1)d : |P(e(x))| < 2r}) ≪d,k r1/(2k).
Wewill apply Proposition 7.1 to bound the proportion on the left in (7.7). Say t > 0,
let us verify
(7.9) ω(χ; t) ≪d,k deg(P)t/r.
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Let x, y ∈ [0, 1]d with |x − y| ≤ t. We wish to bound |χ(x) − χ(y)|, so without
loss of generality we may assume that |P(e(x))| ≤ |P(e(y))|. Note that |P(e(x)) −
P(e(y))| ≪d,k deg(P)t, where we used |x− y| ≤ t and |P| = 1.
First, we consider the case |P(e(y))| ≤ 2r, so also |P(e(x))| ≤ 2r, then χ(x) −
χ(y) = (|P(e(y))|− |P(e(x))|)/r ≥ 0. Hence |χ(x)−χ(y)| ≤ |P(e(x))− P(e(y))|/r ≪d,k
deg(P)t/r. Second, say |P(e(y))| > 2r and |P(e(x))| ≤ 2r, then 0 ≤ χ(x) ≤ χ(x)−
(2− |P(e(y))|/r) = (|P(e(y))| − |P(e(x))|)/r. As before we find |χ(x)− χ(y)| ≪d,k
deg(P)t/r. Finally, this bound clearly also holds if |P(e(y))| > 2r and |P(e(x))| > 2r,
since then χ(x) = χ(y) = 0. We have proved (7.9).
Let us set t = D1/(d+1). We apply numerical integration, Proposition 7.1, and use
(7.8) to conclude the proof. 
In the next lemma we truncate the singularity of x 7→ log |P(e(x))| using a param-
eter r and bound the modulus of continuity of the resulting function.
Lemma 7.4. Let r ∈ (0, 1], for x ∈ [0, 1]d we define
ψ(x) =
{
log |P(e(x))| : if |P(e(x))| ≥ r,
log r : else wise.
Then ψ : [0, 1]d → R is continuous and for all t > 0 we have
ω(ψ; t) ≪d,k deg(P)tr .
Proof. Clearly, ψ is continuous on [0, 1]d.
Let x, y ∈ [0, 1]d with |x− y| ≤ t. As in the proof of Lemma 7.3 we find |P(e(x))−
P(e(y))| ≪d,k deg(P)t. To estimate ω(ψ; t) we may assume |P(e(x))| ≤ |P(e(y))|.
First, suppose |P(e(x))| ≥ r, then ∣∣|P(e(y))/P(e(x))|− 1∣∣ ≪d,k deg(P)t/|P(e(x))| ≪d,k
deg(P)t/r. Applying the logarithm and using 0 ≤ log s ≤ s− 1 for all s ≥ 1 yields
(7.10)
∣∣log |P(e(x))| − log |P(e(y))|∣∣ ≪d,k deg(P)tr .
In this case the claim follows as ψ(x) = log |P(e(x))| and ψ(y) = log |P(e(y))|.
Second, suppose |P(e(x))| < r and |P(e(y))| ≥ r. By continuity there exists x∗ ∈
[0, 1]d on the line segment between x and y with |P(e(x∗))| = r. So |x − x∗| ≤ |x−
y| ≤ t and (7.10) holds with x replaced by x∗. This yields |log r− log |P(e(y))|| ≪d,k
deg(P)t/r. This case follows as the expression on the left is |ψ(x)− ψ(y)|.
Third and finally say |P(e(x))| < r and |P(e(y))| < r, then ψ(x) = ψ(y) = log r.

Lemma 7.5. We keep the notation of Lemma 7.4. Then∣∣∣∣m(P)− ∫
[0,1)d
ψ(x)dx
∣∣∣∣ ≪d,k r1/(4k).
Proof. The absolute value in question is
E =
∣∣∣∣∫
Σ
log |P(e(x))|dx − vol(Σ) log r
∣∣∣∣
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where Σ = S(P, r) = {x ∈ [0, 1)d : |P(e(x))| < r} in the notation of (A.2). Hence
vol(Σ) ≪d,k r1/(2(k−1)) by Lemma A.3(i). So
E ≪d,k
∫
Σ
∣∣log |P(e(x))|∣∣dx+ r1/(2k)
as r ≤ 1. To bound the final integral we use Lemma A.4 which implies E ≪d,k
r1/(4(k−1)) + r1/(2k) ≪d,k r1/(4k). 
Lemma 7.6. Let x1, . . . , xn ∈ [0, 1)d with P(e(xi)) 6= 0 for all i and discrepancy D =
D(x1, . . . , xn). We set
ǫ =
∣∣∣∣∣m(P)− 1n n∑
i=1
log |P(e(xi))|
∣∣∣∣∣ .
If r ∈ (0, 1], then
1
n ∑|P(e(xi))|<r
∣∣log |P(e(xi))|∣∣ ≪d,k deg(P)D1/(d+1)r−2 + r1/(4k) + ǫ.
Proof. By the triangle inequality and with ψ as in Lemma 7.4 we have∣∣∣∣∣ 1n n∑
i=1
ψ(xi)− log |P(e(xi))|
∣∣∣∣∣ ≤
∣∣∣∣∣1n n∑
i=1
ψ(xi)−
∫
[0,1)d
ψ(x)dx
∣∣∣∣∣+
∣∣∣∣∫
[0,1)d
ψ(x)dx−m(P)
∣∣∣∣+ ǫ.
We use Proposition 7.1 and Lemma 7.4 with t = D1/(d+1) to bound the first term on
the right by≪d,k deg(P)D1/(d+1)/r. The second term is≪d,k r1/(4k) by Lemma 7.5.
The term on the left equals 1n ∑|P(e(xi))|<r (log r− log |P(e(xi))|). Observe that− log |P(e(xi))| =∣∣log |P(e(xi))|∣∣ in this sum as r ≤ 1. We rearrange and find
1
n ∑|P(e(xi))|<r
∣∣log |P(e(xi))|∣∣ ≪d,k deg(P)D1/(d+1)r−1+ r1/(4k)+ |log r|n
 ∑
|P(e(xi))|<r
1
+ ǫ.
By Lemma 7.3, the term corresponding to the sum over i on the right is≪d,k r1/(2k)|log r|+
deg(P)D1/(d+1)r−1|log r|. Combining our bounds and absorbing |log r| in an appro-
priate power of r−1 we find
1
n ∑|P(e(xi))|<r
∣∣log |P(e(xi))|∣∣ ≪d,k deg(P)D1/(d+1)r−2 + r1/(4k) + ǫ,
as desired. 
After this warming-up we prove variants of Lemmas 7.4 and 7.5 where log | · | is
replaced by the Mahler measure. We also truncate at the parameter r.
Lemma 7.7. Let r ∈ (0, 1], for x ∈ [0, 1]l we define
µ(x) =
{
m(P
e(x)) : if Pe(x) 6= 0 and m(Pe(x)) ≥ log r,
log r : else wise.
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Then µ : [0, 1]l → R is continuous and for all t > 0 we have
ω(µ; t) ≪d,k
(
deg(P)t
r
)1/(8k)
(1+ |log r|).
Proof. By Boyd’s Theorem [8] the Mahler measure is continuous on the space of non-
zero polynomials of bounded degree. Thus µ is continuous on [0, 1]l. Observe that
ω(µ; t) ≪k 1+ |log r| as m(Pe(x)) ≪k 1 by (2.1). So we may assume that deg(P)t/r is
sufficiently small in terms of d and k. In particular, deg(P)t ≤ 1.
Let x, y ∈ [0, 1]l with |x − y| ≤ t. As in the proof of Lemma 7.3 we find |P
e(x) −
P
e(y)| ≪d,k deg(P)t. To estimate ω(µ; t) we may assume m(Pe(x)) ≤ m(Pe(y)) where it
is useful to set m(0) = −∞.
First, suppose m(P
e(x)) ≥ log r, in particular Pe(x) 6= 0 and Pe(y) 6= 0. Then
|P
e(x)| ≫k r and |Pe(y)| ≫k r by (2.1). As deg(P)t/r is smaller than some constant de-
pending only on d and k we have |P
e(x) − Pe(y)|/min{|Pe(x)|, |Pe(y)|} ≤ 1/2. Lemma
A.5 implies
(7.11)
|m(P
e(x))−m(Pe(y))| ≪d,k
( |P
e(x) − Pe(y)|
min{|P
e(x)|, |Pe(y)|}
)1/(8k)
≪d,k
(
deg(P)t
r
)1/(8k)
we conclude the claim in this case as µ(x) = m(P
e(x)) and µ(y) = m(Pe(y)).
Second, suppose m(P
e(x)) < log r and m(Pe(y)) ≥ log r. As the Mahler measure
is continuous there exists x∗ ∈ [0, 1] on the line segment between x and y with
m(P
e(x∗)) = log r. So |x∗ − y| ≤ |x − y| ≤ t and (7.11) holds with x replaced by
x∗, hence |log r − m(P
e(y))| ≪d,k (deg(P)t/r)1/(8k) . But the expression on the left is
|µ(x)− µ(y)|, so are done in this case.
Third and finally say, m(P
e(y)) < log r, then µ(x) = µ(y) = log r. 
Before continuing we take a break and recall the pi and the auxiliary Laurent poly-
nomial P̂ determined by P and l in (7.4). After multiplying P̂with (X1 · · ·Xl)deg P and
dividing by |P̂| we obtain a polynomial P˜ ∈ C[X1, . . . ,Xl] with |P˜| = 1 and deg P˜ ≤
(l+ 1)deg P. Recall also that P̂ has atmost k2 non-zero terms, so supx∈[0,1]l |P̂(e(x))| ≤
k2|P̂|. There exists iwith |pi| = |P| = 1. The definition of the Mahler measure implies
m(pi) ≤ sup
x∈[0,1]l
log |pi(e(x))| ≤ 12 sup
x∈[0,1]l
log |P̂(e(x))| ≤ 1
2
(2 log k+ log |P̂|).
Using |pi| = 1 and the Theorem of Dobrowolski–Smyth, Theorem 2.1, we conclude
m(pi) ≥ −(k − 2) log 2. Thus |P̂| ≫k 1. Bounding |P̂| from above is more straight-
forward. Indeed, |P̂| ≪k 1 by (7.4) and since |P| = 1. Therefore,
(7.12) 1≪k |P̂| ≪k 1.
Lemma 7.8. We keep the notation of Lemma 7.7. Then∣∣∣∣m(P)− ∫
[0,1)l
µ(x)dx
∣∣∣∣ ≪d,k r1/(2k2).
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Proof. We recall that |P̂|P˜ equals P̂ up-to a monomial factor. By (7.5), (7.12), and The-
orem 2.1 there exists c > 0 depending only on k such that |P˜(e(x))| ≥ cr2 implies
m(P
e(x)) ≥ log r. By Fubini’s Theorem we have
∫
[0,1)l m(Pe(x))dx = m(P), so the
absolute value in question is
E =
∣∣∣∣∫
Σ
m(P
e(x))dx− vol(Σ) log r
∣∣∣∣
where Σ = S(P˜, cr2); indeed m(P
e(x)) = µ(x) for all x ∈ [0, 1]l\Σ.
Note that vol(Σ) ≪d,k r1/(k2−1) by Lemma A.3(i) applied to P˜. So
(7.13) E ≪d,k r1/(k2−1)|log r|+
∣∣∣∣∫
Σ
m(P
e(x))dx
∣∣∣∣≪d,k r1/k2 + ∫
Σ
∣∣∣m(P
e(x))
∣∣∣ dx.
To bound the integral in (7.13) from above we will replace m(P
e(x)) by log |Pe(x)|.
Say x ∈ Σ and P
e(x) 6= 0, then
∣∣∣m(P
e(x))− log |Pe(x)|
∣∣∣≪k 1 by (2.2) and thus |m(Pe(x))| ≪k
1+
∣∣log |P
e(x)|
∣∣. Since P
e(·) vanishes on a measure zero subset of [0, 1)l we find
E ≪d,k r1/k2 +
∫
Σ
(
1+
∣∣log |P
e(x)|
∣∣) dx(7.14)
From (7.5) and (7.12) we deduce
∣∣log |P
e(x)|
∣∣ ≪k ∣∣log |P˜(e(x))|∣∣ + 1 if P̂(e(x)) 6= 0.
So E ≪d,k r1/k2 +
∫
Σ
(
1+
∣∣log |P˜(e(x))|∣∣) dx. By Lemma A.4 applied to P˜ and the
volume estimate for Σ, the integral on the right is ≪d,k r1/(2(k2−1)) ≪d,k r1/(2k2), as
desired. 
Proof of Proposition 7.2. If we scale P by a factor λ, then P̂ is scaled by |λ|2. So the
proposition is invariant under non-zero scaling and we may assume |P| = 1. Later
on we will choose the parameter r in terms of deg(P) and D. In the mean time we
assume that r ∈ (0, 1/2].
Observe that
∫
[0,1)l m(P(e(x)))dx = m(P). Wewant to bound E = |m(P)−n−1 ∑ni=1m(Pe(xi))|
from above.
We replace the Mahler measure with µ(·) coming from Lemma 7.7. Indeed, the
triangle inequality implies
E ≤
∣∣∣∣m(P)− ∫
[0,1)l
µ(x)dx
∣∣∣∣ +
∣∣∣∣∣
∫
[0,1)l
µ(x)dx− 1
n
n
∑
i=1
µ(xi)
∣∣∣∣∣+
∣∣∣∣∣1n n∑
i=1
µ(xi)−m(Pe(xi))
∣∣∣∣∣ .
The first term on the right is ≪d,k r1/(2k2) by Lemma 7.8 applied to P. By Propo-
sition 7.1 applied to µ and t = D1/(d+1) and Lemma 7.7 the second term is ≪d,k
(deg(P)D1/(d+1)r−1)1/(8k)|log r|. So
(7.15) E ≪d,k r1/(2k
2) + (deg(P)D1/(d+1)r−2)1/(8k) + E ′
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after absorbing |log r| in a multiple r−1/(8k) and where E ′ is the third term above.
Only terms with m(P
e(xi)
) ≤ log r contribute to the average, so E ′ equals∣∣∣∣∣∣ 1n ∑m(P
e(xi)
)≤log r
log r−m(P
e(xi)
)
∣∣∣∣∣∣ ≤ |log r|n #
{
i : m(P
e(xi)
) ≤ log r
}
+
1
n ∑
m(P
e(xi)
)≤log r
|m(P
e(xi)
)|.
By (2.2) we may replace m(P
e(xi)
) by log |P
e(xi)
| at the cost of introducing a constant
c1 > 0 depending only on k, i.e.,
E ′ ≪d,k |log r|n #
{
i : |P
e(xi)
| ≤ c1r
}
+
1
n ∑|P
e(xi)
|≤c1r
(
1+
∣∣log |P
e(xi)
|∣∣).
If |P
e(xi)
| ≤ c1r, then |P˜(e(xi))| = |P̂(e(xi))|/|P̂| ≤ c2r2 for some c2 depending only
on k by (7.5) and (7.12). The same inequalities imply
∣∣log |P
e(xi)
|∣∣≪k ∣∣log |P˜(e(xi))|∣∣+
1, the “+1” is absorbed in the first term in
E ′ ≪d,k |log r|n #
{
i : |P˜(e(xi))| ≤ c2r2
}
+
1
n ∑|P˜(e(xi))|≤c2r2
∣∣log |P˜(e(xi))|∣∣.
Recall that deg P˜ ≪d deg P and that P˜ has at most k2 terms and norm 1. Lemma 7.3
applied to P˜ implies
E ′ ≪d,k r1/k2 |log r|+ deg(P)D1/(l+1)r−2|log r|+ 1n ∑|P˜(e(xi))|≤c2r2
∣∣log |P˜(e(xi))|∣∣.
We use Lemma 7.6, applied to P˜ and c2r
2, to bound the final sum and thus obtain
E ′ ≪d,k r1/k
2 |log r|+ deg(P)D1/(l+1)r−2|log r|+ deg(P)D1/(l+1)r−4 + r1/(2k2) + ǫ,
here ǫ =
∣∣∣m(P̂)− 1n ∑ni=1 log |P̂(e(xi))∣∣∣; note that multiplying P̂with a non-zero scalar
and a monomial leaves ǫ invariant.
We return to the total error term E . By (7.15) together with l ≤ d, r ≤ 1, and D ≤ 1
we get
(7.16) E ≪d,k r1/(2k2) + (deg(P)D1/(d+1)r−4)1/(8k) + deg(P)D1/(d+1)r−4 + ǫ.
We choose r = 12D1/(8(d+1)), then the proposition follows as D ≤ 1. 
8. ENDGAME
In this section we prove a stronger version of Theorem 1.1 from the introduction.
8.1. Preliminaries. Suppose P ∈ Q[X±11 , . . . ,X±1d ]\{0}. For V ∈ GLd(Z) we set Q ∈
Q[X1, . . . ,Xd] to be P(X
V−1) multiplied by a suitable monomial in X1, . . . ,Xd such
that Q is coprime to X1 · · ·Xd. Let l ∈ {0, . . . , d− 1}. For z = (z1, . . . , zl) ∈ Cl we set
(8.1) PV,z = Q(z1, . . . , zl,X1, . . . ,Xd−l)
this is a polynomial in d− l variables. If l = 0 we understand this as PV,z = Q.
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The following lemma requires a result of Bombieri, Masser, and Zannier [6] and
relies crucially on the hypothesis that P is essentially atoral.
Lemma 8.1. We keep the notation above and assume that η ∈ Glm has finite order with
PV,η 6= 0. Suppose P is essentially atoral. There exists c ≥ 1 depending only on P and d such
that if ζ ∈ Gdm with δ(ζ) ≥ c, then B(PV,η) ≤ c|V−1| where ζV = {η} ×Gd−lm .
Proof. The Zariski closureW in Gdm of all algebraic zeros of P in (S
1)d is defined over
Q.
By hypothesis, P is essentially atoral. So each irreducible component of the Zariski
closure of all complex roots of P on (S1)d is a torsion coset or of codimension at least 2
inGdm. So each irreducible component ofW is a proper torsion coset or of codimension
at least 2 in Gdm.
Let ζ ∈ Gdm be of finite order and ζV = {η} ×Gd−lm .
Let η′ ∈ Gd−lm be of finite order, z ∈ S1\µ∞ be algebraic, and u ∈ Zd−l with
PV,η(η
′zu) = 0. We must find v ∈ Zd−l\{0} with controlled norm |v| such that
〈u, v〉 = 0.
Now P(x) = 0 for the algebraic point x = (η, η′zu)V−1 ∈ (S1)d. So x is contained in
an irreducible componentW ′ ofW.
If W ′ is a proper torsion coset of Gdm there exists v ∈ Zd\{0}, depending only on
W ′ and thus only on P, such that yv = 1 holds for all y ∈W ′. In particular, xv = 1.
If dimW ′ ≤ d− 2, we apply Bombieri, Masser, and Zannier’s Theorem 1.5 [6] to
X = W ′. We get a proper torsion coset of Gdm containing x and coming from a finite
set depending only onW ′. Again we find v ∈ Zd\{0} with |v| ≪d,P 1 and xv = 1.
In either case we have
(8.2) 1 = xv = (η, η′zu)V
−1v = ηv
′
(η′zu)v
′′
where V−1v =
(
v′
v′′
)
∈ Zl ×Zd−l.
In particular, 〈u, v′′〉 = 0 as z has infinite order.
If v′′ 6= 0, then we are done. Indeed, |v′′| ≤ |V−1v| ≤ d|V−1||v| and |v| is bounded
from above solely in terms of P and d.
But what happens if v′′ = 0? Note that v′′ = v if l = 0, so we must have l ≥ 1. Then
v′ 6= 0 and by equality (8.2) we find ηv′ = 1. Recall that η are the first l coordinates of
ζV . Thus ζv = 1 and δ(ζ) ≤ |v|. The lemma follows as |v| is bounded as above. 
Definition 8.2. Let c ≥ 1 be a real number. Suppose P ∈ Q[X±11 , . . . ,X±1d ]\{0} and
ζ ∈ Gdm is of finite order. The pair (P, ζ) is called c-admissible if for all V ∈ GLd(Z) and all
l ∈ {0, . . . , d− 1} we have PV,η 6= 0 and B(PV,η) ≤ c|V−1| where ζV ∈ {η} ×Gd−lm .
The case l = 0 yields in particular B(P) ≤ c if there exists ζ such that (P, ζ) is
c-admissible.
Let P be an essentially atoral Laurent polynomial with algebraic coefficient. By
Lemma 8.1 there exists c ≥ 1 such that (P, ζ) is c-admissible for all ζ ∈ Gdm of finite
order with δ(ζ) ≥ c.
In the definition of admissibility, it will be useful to keep track of ζ when passing
in down in an induction step. The next lemma makes this precise.
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Lemma 8.3. Let P ∈ Q[X±11 , . . . ,X±1d ]\{0} and let ζ ∈ Gdm be of finite order such that
(P, ζ) is c-admissible with c ≥ 1. Say l ∈ {0, . . . , d− 1},V ∈ GLd(Z), and ζV = (η, ξ)
with η ∈ Glm and ξ ∈ Gd−lm . Then (PV,η, ξ) is (cd|V−1|)-admissible.
Proof. Throughout the proof we use that | · | is the maximum-norm on matrices.
We abbreviate R = P((η,X1, . . . ,Xd−l)V
−1
) which equals PV,η up-to a monomial
factor. It suffices to show that (R, ξ) is c-admissible.
To this end say k ∈ {0, . . . , d− l − 1},W ∈ GLd−l(Z), and ξW = {η′} × Gd−l−km
with η′ ∈ Gkm. We must bound B(RW,η′). So say z ∈ S1\µ∞, u ∈ Zd−l−k, and η′′ ∈
Gd−l−km is of finite order with RW,η′(η′′zu) = 0. Thus R((η′, η′′zu)W
−1
) = 0 and hence
P
(
(η, (η′, η′′zu)W−1)V−1
)
= 0. We abbreviateW ′ =
(
El 0
0 W
)
with El the l × l unit
matrix. So P
(
(η, η′, η′′zu)(VW ′)−1
)
= 0 which means PVW ′,(η,η′)(η
′′zu) = 0.
Observe that ζVW
′
= (η, ξ)W
′
= (η, ξW) = (η, η′, ∗). By hypothesis (P, ζ) is c-
admissible. Therefore, B(PVW ′,(η,η′)) ≤ c|(VW ′)−1| = c|W ′−1V−1| ≤ cd|V−1||W ′−1| =
cd|V−1||W−1|. In other words, there exists v ∈ Zd−l−k\{0} with |v| ≤ cd|V−1||W−1|
and 〈u, v〉 = 0. Thus B(RW,η′) ≤ cd|V−1||W−1|, as desired. In particular, RW,η′ 6=
0. 
Lemma 8.4. Let P ∈ Q[X±11 , . . . ,X±1d ]\{0} and let ζ ∈ Gdm be of finite order such that
(P, ζ) is c-admissible with c ≥ 1. Say l ∈ {1, . . . , d− 1} and let P̂ ∈ Q[X±11 , . . . ,X±1l ] be
as in (7.4) and ζ ∈ {η} ×Gd−lm . Then (P̂, η) is c-admissible.
Proof. SupposeV ∈ GLl(Z) such that ηV = (η′, ∗)where η ∈ Gl ′m where l′ ∈ {0, . . . , l−
1}. Following the definition of admissibility and recalling (8.1) we are in the follow-
ing situation. There is η′′ ∈ Gl−l ′m , z ∈ S1\µ∞ algebraic, and u′ ∈ Zl−l ′ such that
P̂((η′, η′′zu
′
)V
−1
) = 0.
It follows from the definition of P̂ that P((η′, η′′zu′)V−1 ,Xl+1, . . . ,Xd) = 0 as a poly-
nomial in Xl+1, . . . ,Xd. We extend V˜ =
(
V 0
0 Ed−l
)
where Ed−l is the (d− l)× (d−
l) unit matrix. Then P((η′, η′′zu′ , zu′′)V˜−1) = 0 for all u′′ ∈ Zd−l.
By hypothesis, (P, ζ) is c-admissible and ζV˜ = (ηV , ∗) = (η′, ∗, ∗). Now PV˜,η′(η′′zu
′
, zu
′′
) =
0, so by definition there exist v′ ∈ Zl−l ′, v′′ ∈ Zd−l, not both zero, such that 〈u′, v′〉+
〈u′′, v′′〉 = 0 and |(v′, v′′)| ≤ c|V˜−1| = c|V−1| for the maximum-norm.
As we are free to vary u′′ we see that {u′} ×Qd−l is contained in a finite union of
proper vector subspaces of Qd, each defined as the kernel of 〈·, (v′, v′′)〉 with v′, v′′ as
above. So {u′} ×Qd−l ⊂ V for one of these vector spaces V defined by some (v′, v′′).
We must have v′′ = 0 and hence 〈u′, v′〉 = 0. Then v′ 6= 0 and as |v′| ≤ c|V−1| we
conclude that P̂ is c-admissible. 
Here are some basic estimates involving PV,η.
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Lemma 8.5. Let P ∈ Q[X1, . . . ,Xd]\{0}, l, and V be as near the beginning of this subsec-
tion. Say η ∈ Glm has finite order and PV,η 6= 0. The following hold true.
(i) We have deg PV,η ≪d |V|d−1 deg P.
(ii) We have h(PV,η) ≤ log(k) + h(P) where k ≥ 2 is an upper bound for the number of
non-zero terms of P.
Proof. Both parts follow are elementary consequences of the degree and the height
of a polynomial. For (i) we require |V−1| ≪d |V|d−1. For (ii) we note that Q from
the beginning of this sections has the same coefficients and thus the same height as
P. We decompose h(PV,η) in local heights as into (2.4). The triangle inequality at the
archimedean places leads to log k. 
Lemma 8.6. Let K ⊂ C be a number field and suppose P ∈ K[X1, . . . ,Xd]\{0} has at
most k ≥ 2 terms, where k is an integer. Say l ∈ {1, . . . , d − 1} and suppose P̂ ∈
C[X±11 , . . . ,X
±1
l ] is as in (7.4), then the following properties hold true:
(i) The Laurent polynomial P̂ has at most k2 non-zero terms.
(ii) We have P̂ ∈ K′[X±11 , . . . ,X±1l ] where K′ is a number field such that K ⊂ K′ ⊂ C
and [K′ : Q] ≤ [K : Q]2.
(iii) There is a monomial in X1, . . . ,Xd whose product with P̂ is a polynomial of degree at
most (l + 1)deg P.
(iv) We have h(P̂) ≪k 1+ h(P).
Proof. We have already proved (i) just below (7.4). We noted (iii) before Lemma 7.8.
To see (ii) we note that the coefficients of P̂ are contained in the subfield K′ of C
generated by all elements of K and their complex conjugates.
Finally, for (iv) we remark that each pi as in (7.4) has at most k terms and that there
are at most k non-zero pi. Using the local decomposition of the height together with
the ultrametric and archimedean triangle inequality yields the claim. 
8.2. Completion of proof. The next lemma will setup a monomial change of coordi-
nates. We recall that Λ˜ξ(ν) was defined in (5.5) and λ1(Λ˜ξ(ν)) in (5.6).
Lemma 8.7. Suppose ζ ∈ Gdm has order N and say δ ≥ 1, ǫ ∈ (0, 1/2], ν1, . . . , νd−1 ∈
(0, 1/2] with ν1 + · · ·+ νd−1 ≤ 1/2. Then there exist l ∈ {0, . . . , d− 1} and V ∈ GLd(Z)
such that the following hold.
(i) We have |V| ≪d δ2ǫd−l and V is the unit matrix if l = 0.
(ii) We have ζV = (η, ξ) where η ∈ Glm, ξ ∈ Gd−lm , ord(η) ≤ Nν1+···+νl , and either
l = d− 1 and ξ ∈ µ∞ has order at least N1/2 or l ≤ d− 2 and λ1(Λ˜ξl+1(νl+1)) >
δǫ
d−l−1
.
Proof. Set ξ1 = ζ and let V0 be the unit matrix in GLd(Z). For all l ∈ {1, . . . , d− 1}
with λ1(Λ˜ξ l(νl)) ≤ δǫ
d−l
we will construct inductively Vl ∈ GLd(Z), ξ l+1 ∈ Gd−lm of
order at most N, and ηl ∈ Gm of order at most Nνl such that ζVl = (η1, . . . , ηl, ξl+1)
and
(8.3) |Vl| ≪d δǫ
d−1+···+ǫd−l .
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Suppose λ1(Λ˜ξl(νl)) ≤ δǫ
d−l
, there exists v ∈ Λ˜ξl(νl)\{0} such that |v| ≤ δǫ
d−l
and v is primitive. Note that [Λ˜ξl(νl) : Λξl(νl)]v lies in Λξl , so ord(ξ
v
l ) ≤ [Λ˜ξ l(νl) :
Λξl(νl)] ≤ detΛξl(νl) ≤ N2ν
2
l ≤ Nνl by (5.3) and since detΛξ ≤ N. As in the proof of
Proposition 5.1 we can realize v as the first column of a matrix V ′l ∈ GLd+1−l(Z) with
|V ′l | ≪d |v| ≪d δǫ
d−l
. Let El−1 denote the (l − 1)× (l − 1) unit matrix and set
Vl = Vl−1
(
El−1 0
0 V ′l
)
∈ GLd(Z).
By step l− 1we have ζVl−1 = (η1, . . . , ηl−1, ξl). We define ξ l+1 via ζVl = (η1, . . . , ηl, ξl+1),
note ηl = ξ
v
l . Finally, |Vl| ≪d |Vl−1||V ′l | ≪d δǫ
d−1+···+ǫd−l , which completes our con-
struction.
Let us consider the largest l ∈ {0, . . . , d − 1} for which λ1(Λ˜ξl(νl)) ≤ δǫ
d−l
and
define V = Vl. Then (i) holds by (8.3) as ǫ ≤ 1/2. To verify (ii) observe that
ζV = (η1, . . . , ηl, ξ) with ξ = ξ l+1 ∈ Gd−lm has order N and (η1, . . . , ηl) has order
at most Nν1+···+νl ≤ N1/2. If l = d− 1, then ξ is a root of unity of order at least N1/2.
Otherwise l ≤ d− 2 and λ1(Λ˜ξl+1(νl+1)) > δǫ
d−l−1
, because the construction cannot
continue. 
We are ready to prove a theorem that will quickly imply our Theorem 1.1 and its
refinements.
Theorem 8.8. Let c ≥ 1, let K ⊂ C be a number field, and let P ∈ K[X1, . . . ,Xd]\{0}
with at most k terms for an integer k ≥ 2. There are constants C = C(d, k) ≥ 1 and
κ = κ(d, k) > 0 depending only on d and k with the following property. Suppose ζ ∈ Gdm
has order N and G is a subgroup of ΓN with P(ζ
σ) 6= 0 for all σ ∈ G. If (P, ζσ) is c-
admissible for all σ ∈ G and if
(8.4) δ(ζ) ≥ Cmax{c, deg P}C
then
1
#G ∑
σ∈G
log |P(ζσ)| = m(P) +Od,k
(
[K : Q]2
d
[ΓN : G]
2fG deg(P)
16d2 (1+ h(P))
δ(ζ)κ
)
.
Proof. Wemay assume that P is non-constant. Weworkwith the parameters ν1, . . . , νd−1 ∈
(0, 1/(128d2)], ǫ ∈ (0, 1/2] in this proof. They are assumed to be small in terms of d
and k but independent of P and ζ. We may assume that ǫ is small in terms of the νl ,
e.g., ǫ ≤ νdl for all l. We determine them during the argument.
Step 1: A monomial change of coordinates. We apply Lemma 8.7 to ζ, δ = δ(ζ), ǫ,
and the νl. Say l,V, η, and ξ are given by this lemma, in particular ζ
V = (η, ξ) and
|V| ≪d δ(ζ)2ǫd−l . We have
ord(η) ≤ Nν1+···+νl .
The case l = 0 is easy. Here V is the unit matrix, ξ = ζ, and λ1(Λ˜ζ(ν1)) > δ(ζ)
ǫd−1
if d ≥ 2. So λ˜(ζ; ν1) ≥ δ(ζ)min{ǫd−1,νd1/2} using (6.2). As (P, ζ) is c-admissible we have
B(P) ≤ c. We will apply Proposition 6.2 to P and ν1. In the case d ≥ 2 we must verify
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λ˜(ζ; ν1) > d
1/2max{c, deg P}. This inequality is satisfied if δ(ζ) is as in (8.4) with C
large in terms of ǫ, ν1, d, and k.
So let us assume l ≥ 1, i.e. l ∈ {1, . . . , d− 1}. We have ζV = (η, ξ) ∈ Glm ×Gd−lm .
This time we apply Proposition 6.2 to PV,η ∈ K(η)[X1, . . . ,Xd−l ]\{0} and ξ.
So let us first verify the condition (ii) if d− l ≥ 2. This step is similar as in the case
l = 0. Indeed, by Lemma 8.7 we have
(8.5) λ˜(ξ; νl+1) ≥ δ(ζ)min{ǫ
d−l−1,νdl+1/2} = δ(ζ)ǫ
d−l−1
as ǫ ≤ νdl+1/2. By Lemma 8.3 the pair
(
PV,η, ξ
)
is (cd|V−1|)-admissible. Observe
|V−1| ≪d |V|d−1 ≪d δ(ζ)2ǫd−l(d−1). So the said pair is c1cδ(ζ)2ǫd−ld-admissible; here
and below c1, c2, . . . denote positive constants that depend only on d. In particular,
B(PV,η) ≤ c1cδ(ζ)2ǫd−ld. Observe that
deg PV,η ≪d |V|d−1 deg P ≪d δ(ζ)2ǫd−ld deg P,(8.6)
by Lemma 8.5(i). To apply Proposition 6.2(ii) we must verify
λ˜(ξ; νl+1) > c2δ(ζ)
2ǫd−ldmax{c, deg P}.
We may assume ǫd−l−1− 2ǫd−ld ≥ ǫd−l−1/2. By (8.4) and (8.5) the desired inequality
is satisfied when C is large in terms of ǫ, d, and k.
Observe that
h(PV,η) ≪k 1+ h(P)
[K(η) : Q] ≤ ord(η)[K : Q] ≤ Nν1+···+νl [K : Q]
ord(ξ) ≥ N/ord(η) ≥ N1−(ν1+···+νl) ≥ N1/2
by Lemma 8.5 (ii) and Lemma 8.7. Observe also that δ(ξ) ≫d δ(ζ)/|V|, so
(8.7) δ(ξ) ≫d δ(ζ)1−2ǫd−l ≫d δ(ζ)1/2
as we may assume ǫd−l ≤ 1/4.
We must choose a group G in Proposition 6.2; we will denote it by H here. Let L
denote the fixed field of G in Q(ζ). We may naturally identify Gal(L(ξ)/L) with a
subgroup of ΓM = Gal(Q(ξ)/Q) with M = ord(ξ). We take H the subgroup of ΓM
thus identified with Gal(L(ξ)/L(ξ) ∩ L(η)) ∼= Gal(L(ζ)/L(η)). The fixed field of H
in Q(ξ) is contained in L(η), so
[ΓM : H] ≤ [L(η) : Q] ≤ ord(η)[L : Q] = ord(η)[ΓN : G] ≤ Nν1+···+νl [ΓN : G]
having used the bound for the order of η from Lemma 8.7. Moreover, the conductor
of H satisfies
fH ≤ lcm(fG, ord(η)) ≤ fGord(η) ≤ fGNν1+···+νl .
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By applying Proposition 6.2 to PV,η, ξ, and νl+1 and use the various estimates above,
in particular (8.5), we find
1
#H ∑
σ∈H
log |PV,η(ξσ)| = m(PV,η)
+Od,k
(
[K : Q]2[ΓN : G]
2fG deg(P)
2(1+ h(P))N(2+2+1)(ν1+···+νl)δ(ζ)4ǫd−ld
Nν
d
l+1/(40d)
)
+Od,k
(
deg(P)16d
2
δ(ζ)32ǫ
d−ld3
δ(ζ)ǫ
d−l−1/(16k)
)
here we used i ≤ d and M ≥ N1/2; the third line can be omitted if l = d− 1.
At this point we reap the benefit of having split the error term in Proposition 6.2
into a part depending on N and a part depending on δ(ζ). Indeed, the order of η,
which we bound in terms of N, does not affect the term involving δ(ζ). Recall that
δ(ζ) ≤ N, but there can be no meaningful lower bound for δ(ζ) in terms of N. Intro-
ducing a dependency on N in the part containing δ(ζ) would spoil the result.
We use the crude bound δ(ζ) ≤ N and we assume the parameters satisfy
5(ν1 + · · ·+ νl) + 4ǫd−ld ≤
νdl+1
80d
and
32ǫd−ld3 ≤ ǫ
d−l−1
32k
.
We now combine both contributions to the error term and get
1
#H ∑
σ∈H
log |PV,η(ξσ)| = m(PV,η) +Od,k
(
[K : Q]2[ΓN : G]
2fG deg(P)
16d2(1+ h(P))
δ(ζ)κ
)(8.8)
if
κ ≤ min
{
νdl+1
80
,
ǫd−l−1
32k
}
.
Later we may shrink κ.
Step 2: Induction on d. Recall that ζV = (ξ, η) and |P(ζσ)| = |PV,ησ(ξσ)| for all
σ ∈ G. We still assume l ≥ 1 and we find, as in (6.8), that
(8.9)
1
#G ∑
σ∈G
log |P(ζσ)| = 1
[L(η) : L] ∑
τ∈Gal(L(η)/L)
1
#H ∑
σ∈H
log |PV,ητ(ξ τ˜σ)|
with τ˜ a lift of τ to Gal(L(ζ)/L).
The estimates from Step 1 hold equally for all conjugates ησ, ξσ. Indeed, for exam-
ple Λ˜ξ(νl+1) and δ(ξ) are Galois invariant and (P, ζ
σ) is c-admissible. So we may
apply (8.8) to PV,ησ when summing over σ ∈ H.
We set Q to equal P(XV
−1
) times a monomial such that Q is a polynomial coprime
to X1 · · ·Xd. So degQ ≪d |V−1|deg P and recall that |V−1| ≪d δ(ζ)2ǫd−ld. We apply
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the construction (7.4) to Q and l and obtain Q̂. Recall Lemma 8.6 and write Q˜ for Q̂
times the monomial from part (iii) of this lemma. Then Q˜ has at most k2 non-zero
terms,
(8.10)
Q˜ ∈ K′[X±11 , . . . ,X±1l ] where [K′ : Q] ≤ [K : Q]2,
deg Q˜ ≪d degQ≪d |V−1|deg P ≪ δ(ζ)2ǫd−ld deg P, and
h(Q˜) ≪k 1+ h(Q) ≪k 1+ h(P).
By Lemma 8.3, with l = 0, the pair (Q, (ησ, ξσ)) is c3cδ(ζ)
2ǫd−ld-admissible for all
σ ∈ G. Now (Q˜, ησ) is also c3cδ(ζ)2ǫd−ld-admissible by Lemma 8.4 for all σ.
We want to apply this theorem to Q˜ and η ∈ Glm by induction, recall l ≤ d− 1. For
this we must verify
δ(η) ≥ c4C(l, k2)δ(ζ)2ǫd−ldC(l,k2)max{c, deg P}C(l,k2)
having used the bound for deg Q˜ in (8.10). We have δ(η) ≫d δ(ζ)/|V| ≫d δ(ζ)1/2 as
near (8.7). So it suffices to check
(8.11) δ(ζ)1−4ǫ
d−ldC(l,k2) ≥ c5C(l, k2)2max{c, deg P}2C(l,k2).
We may assume that 1− 4ǫd−ldC(l, k2) ≥ 1/2 as we may choose ǫ small in terms of
d and C(l, k2). So (8.11) follows from (8.4) if C = C(d, k) is large enough in terms of d
and k.
By induction and (8.10) we have
1
#H′ ∑
τ∈H′
log |Q˜(ητ)| = m(Q˜)+Od,k
(
[K : Q]2
d
[ΓE : H
′]2fH′ deg(P)16d
2
δ(ζ)32ǫ
d−ld3(1+ h(P))
δ(η)κ(l,k2)
)
here E = ord(η) and H′ ⊂ ΓE is the subgroup identified with Gal(Q(η)/Q(η) ∩ L) ∼=
Gal(L(η)/L). Note that [ΓE : H
′] = [Q(η) ∩ L : Q] ≤ [L : Q] = [ΓN : G] and fH′ ≤ fG.
Using again δ(η) ≫d δ(ζ)1/2 we get
(8.12)
1
#H′ ∑
τ∈H′
log |Q̂(ητ)| = m(Q̂) +Od,k
(
[K : Q]2
d
[ΓN : G]
2fG deg(P)
16d2(1+ h(P))
δ(ζ)κ(l,k
2)/2−32ǫd−ld3
)
as passing from Q˜ to Q̂ is harmless. We may assume that κ(l, k2)/4 ≥ 32ǫd−ld3.
Recall that Q equals P(XV
−1
) up-to a monomail factor. We will soon apply Propo-
sition 7.2 to Q. Consider (x1, . . . , x#H′) with each xi ∈ [0, 1)l and where e(xi) are the
ητ. Proposition 7.2 together with (8.12) imply
1
#H′ ∑
τ∈H′
m(PV,ητ) = m(Q)+
Od,k
(
deg(Q)D1/(32(d+1)k2) + [K : Q]
2d [ΓN : G]
2fG deg(P)
16d2(1+ h(P))
δ(ζ)κ(l,k
2)/4
)
.
By Proposition 3.3, parts (i) and (ii), we find
D ≪d [ΓE : H′]f1/2H′ δ(η)−1/3 ≪d [ΓN : G]f1/2G δ(ζ)−1/6.
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Recall that degQ ≪d deg(P)|V−1| ≪d deg(P)δ(ζ)2ǫd−ld. The Mahler measure is
invariant under a monomial change of coordinates by Corollary 8, Chapter 3.4 [35],
thus m(P) = m(Q). As #H′ = [L(η) : L] we get
1
[L(η) : L] ∑
τ∈H′
m(PV,ητ) = m(P)+Od,k
(
[K : Q]2
d
[ΓN : G]
2fG deg(P)
16d2(1+ h(P))
δ(ζ)min{1/(192(d+1)k2)−2ǫd−ld},κ(l,k2)/4}
)
.
We shrink ǫ a final time to achieve 1/(192(d+ 1)k2)− 2ǫd−ld > 1/(200(d+ 1)k2).
The theorem follows on combining this asymptotic estimate with (8.8) and (8.9), when
κ = κ(d, k) is small in terms of κ(l, k2), d, and k. 
To prove Theorem 1.1 we can multiply P by any monomial, so we may assume that
it is a polynomial. Thus the theorem is a direct consequence of the following more
precise corollary.
Corollary 8.9. Let K ⊂ C be a number field and suppose P ∈ K[X1, . . . ,Xd]\{0} is
essentially atoral and has at most k non-zero terms for an integer k ≥ 2. There exists
κ = κ(d, k) > 0 with the following property. Suppose ζ ∈ Gdm has order N and suppose
G is a subgroup of ΓN and δ(ζ) is large in terms of d, P, [K : Q], fG, and [ΓN : G]. Then
P(ζσ) 6= 0 for all σ ∈ G and
1
#G ∑
σ∈G
log |P(ζσ)| = m(P) +Od,k
(
[K : Q]2
d
[ΓN : G]
2fG deg(P)
16d2 (1+ h(P))
δ(ζ)κ
)
.
Proof. By Lemma 8.1 there is c ≥ 1, depending only on P, such that (P, ζ) is c-
admissible for all ζ ∈ Gdm of finite order with δ(ζ) ≥ c.
Suppose ζ ∈ Gdm has finite order and P(ζ) = 0. By the Manin–Mumford Conjec-
ture, δ(ζ) is bounded in terms of d and P only. Hence for δ(ζ) sufficiently large in
terms of these quantities we have P(ζ) 6= 0 and the same also holds with ζ replaced
by a Galois conjugate. Our corollary now follows from Theorem 8.8. 
Proof of Corollary 1.4. We may assume that K/Q is Galois and that P is a polynomial.
The product P′ for τ(P) as τ ranges over Gal(K/Q) has rational coefficients. The
coefficients are even integers as the coefficients of P lie in ZK.
The Mahler measure of any non-zero, integral polynomial is non-negative. By a
theorem attributed to Boyd [7], Lawton [25], Smyth [38], the fact that the zero set
of P in Gdm has an irreducible component not equal to the translate of an algebraic
subgroup by a point of finite order implies m(P′) > 0.
Suppose ζ ∈ Gdm has order N. Take for G the subgroup of ΓN associated to Gal(Q(ζ)/K ∩Q(ζ)).
Then [ΓN : G] ≤ [K : Q]. As ζ varies, there are only finitely many possibilities for the
number field K ∩ Q(ζ), being a subfield of the field K. So fG is bounded from above
solely in terms of K. For any τ ∈ Gal(K/Q) choose an extension τ˜ ∈ Gal(K(ζ)/Q).
We apply Corollary 8.9 to the polynomial τ(P) which is essentially atoral by hypoth-
esis. If δ(ζ τ˜) = δ(ζ) is large enough in terms of the fixed data, then
1
#G ∑
σ∈G
log |τ(P)(ζ τ˜σ)| = m(τ(P)) + o(1)
as δ(ζ) → ∞, here and below the implied constant is independent of ζ.
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The average of the left-hand side over τ ∈ Gal(K/Q) equals the left-hand side in
1
[K(ζ) : Q] ∑
σ:K(ζ)→C
log |σ(P(ζ))| = 1
[K : Q] ∑
τ∈Gal(K/Q)
m(τ(P)) + o(1).
As theMahler measure is additive, the average on the right-hand side ism(P′)/[K :
Q] > 0. But the left-hand side vanishes if P(ζ) is an algebraic unit. In this case, we
see that δ(ζ) is bounded from above. 
APPENDIX A. A THEOREM OF LAWTON RE-REVISITED
The following theorem makes explicit a result of Lawton [26]. It is a more precise
version of the second-named author’s result [19] which is unfortunately insufficient
for our purposes. We closely follow the proof presented in [19] which itself is based
on Lawton’s approach [26].
Recall the definition of ρ(·) in (6.1) where d ≥ 1 is an integer.
Theorem A.1. Suppose P ∈ K[X1, . . . ,Xd]\{0} has at most k non-zero terms for an integer
k ≥ 2. For a = (a1, . . . , ad) ∈ Zd\{0} with ρ(a) > deg P we have
(A.1) m(P(Xa1 , . . . ,Xad)) = m(P) +Od,k
(
deg(P)16d
2
ρ(a)1/(16(k−1))
)
where the implicit constant depends only on d and k.
In the univariate case d = 1 we have ρ(a) = ∞ for all a ∈ Z\{0} by definition.
Then we should interpret (A.1) as stating m(P(Xa)) = m(P). This identity is an easy
consequence of (4.1). So throughout this subsection we assume d ≥ 2.
We did not strive to obtain the best-possible exponent in ρ(a)1/(16(k−1)) that our
method can produce.
We must assume ρ(a) > deg P to avoid dangerous interference of coefficients in
P(Xa1 , . . . ,Xad). Indeed, take for example P = X1(X2 − 1+ ǫ) with ǫ ∈ (0, 1) small
and a = (1, 0). Then P(X, 1) = Xǫ whose Mahler measure is log ǫ. On the other hand
m(P) = m(X2 − 1+ ǫ) = logmax{1, |1− ǫ|} = 0 by Jensen’s formula. The difference
m(P(X, 1)) −m(P) = log ǫ
is unbounded as ǫ → 0. This does not contradict our theorem as ρ(a) = 1.
The Lebesgue measure on Rd is vol(·). For P ∈ C[X±11 , . . . ,X±1d ] and r > 0 we
define
(A.2) S(P, r) = {x ∈ [0, 1)d : |P(e(x))| < r}
where e is as in (1.3).
We come to a variation of Lawton’s Theorem 1 [26]. He requires the polynomial P
to be monic, our tweak merely requires some coefficient to be 1.
Proposition A.2. Suppose P ∈ C[X]\{0} has at most k non-zero terms for an integer k ≥ 2
and that |P| ≥ 1. Then vol(S(P, r)) ≪k r1/(k−1) for all r > 0.
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Proof. We follow Lawton’s arguments. After dividing by a suitable power of X it
suffices to prove the theorem under the addition hypothesis P(0) 6= 0. We may also
assume that P is non-constant. Thus P = pdX
d + · · ·+ p0 with p0pd 6= 0 where d ≥ 1.
Finally, by dividing P by one of its terms of modulus |P| ≥ 1, we may assume pl = 1
for some l.
Let P be the polynomial obtained from P by applying complex conjugation to the
coefficients. Observe that R = XdP(X−1) has degree d, at most k non-zero terms, and
satisfies R(0) 6= 0. Moreover, the coefficient of Xd−l in R is 1. As S(P, r) = S(R, r) we
may assume that l ≥ d/2 after possibly replacing P by R.
If k = 2 then P has at most 2 non-zero terms. Because it is non-constant and l ≥
d/2 > 0 we have P = Xd + p0 with p0 6= 0. The proposition follows from the case
k = 2 of Lawton’s Theorem 1 [26].
We continue by induction on k. Suppose that P has at most k + 1 ≥ 3 non-zero
terms. We set
f (x) = P(e(x)) and g(x) =
1
2π
√−1l
d f
dx
for all x ∈ R. Then g(x) = Q(e(x)) where Q = ∑dj=0 jl pjX j has degree d but at most k
non-zero terms since p0 6= 0 disappears. The coefficient of Xl in Q equals pl = 1, so
|Q| ≥ 1. By induction on k we have vol(S(Q, r)) ≪k r1/(k−1) for all r > 0. Note that
(A.3)
vol(S(P, r)) ≤ vol(S(Q, u))+vol(S(P, r)\S(Q, u)) ≪k u1/(k−1)+vol(S(P, r)\S(Q, u))
where we will fix u in terms of r below.
Let us recall Lemma 2 [26] and the way it is used in the proof of Theorem 1 [26].
The intersection {z ∈ S1 : |P(z)| ≤ r, |Q(z)| ≥ u} is a union of at most 6d connected
and closed subsets of S1 each of which is mapped by Q to one of the four closed
quadrants in C. The preimage under e(·) of each such subset is a closed interval
Ij ⊂ R of length at most 1 translated by Z. If x ∈ S(P, r)\S(Q, u), then x lies in
some Ij modulo translation by Z. Observe that g(Ij) is contained in one of the four
closed quadrants of C. Lawton’s Lemma 1 [26] applied to f/(2π
√−1l) and g with
F = r/(2πl) and G = u yields vol(Ij) ≤
√
2r/(πlu). As there are at most 6d such Ij
and as l ≥ d/2 the dependency on d cancels out in
vol(S(P, r)\S(Q, u)) ≪ vol(⋃
j
Ij
)≪ rd
lu
≪ r
u
.
Together with (A.3) we obtain vol(S(P, r)) ≪k u1/(k−1) + r/u. The choice u =
r(k−1)/k leads to vol(S(P, r)) ≪k r1/k, and this completes the induction. 
Until the end of this appendix and if not stated otherwise we assume that P ∈
C[X1, . . . ,Xd]\C has at most k non-zero terms for an integer k ≥ 2 and |P| = 1.
Lemma A.3.
(i) If r > 0 then vol(S(P, r)) ≪d,k r1/(2(k−1)).
(ii) We have
∫
[0,1)d
∣∣log |P(e(x))|∣∣2dx ≪d,k 1.
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Proof. We follow closely the argument in Lemma A.4 [19].
The proof of (i) is by induction on d. As vol(S(P, r)) ≤ 1 we may assume r ≤ 1.
The case d = 1 follows from Proposition A.2
Now let d ≥ 2. We consider P as a polynomial in the unknown Xd and coefficients
among C[X1, . . . ,Xd−1]. We pick a coefficient Pi with maximal norm, i.e., P has a term
PiX
i
d such that Pi ∈ C[X1, . . . ,Xd−1] and |Pi| = |P| = 1.
We setΣ = S(Pi, r
1/2). If x′ ∈ Rd−1 and Pi(e(x′)) 6= 0 the polynomial P(e(x′),X)/Pi(e(x′)) ∈
C[X] has at most k non-zero terms and the coefficient for Xi is 1. As in LemmaA.4 [19]
we use Fubini’s Theorem to deduce
vol(S(P, r)) ≤ vol(Σ) +
∫
[0,1)d−1\Σ
vol(S(P(e(x′),X)/Pi(e(x′)), r1/2))dx′.
Proposition A.2 allows us to bound the second term by≪k r1/(2(k−1)). By induction
on d we find vol(Σ) ≪d,k r1/(2(k−1)) and thus vol(S(P, r)) ≪d,k r1/(2(k−1)), as desired.
Part (i) follows.
We set pn(x) = min{n, |log |P(e(x))||2} ≥ 0 as in Lemma A.4 [19]. We must find
an upper bound for the non-decreasing sequence In =
∫
[0,1)d pn(x)dx. Observe that
|P(e(x))| ≤ k|P| = k, so if n ≥ (log k)2, then |P(e(x))| ≤ e
√
n. We fix m to be the least
integer with m ≥ 1+ (log k)2, so m ≥ 2. Say n ≥ m. Then pn equals n on S(P, e−
√
n)
and it equals pn+1 outside this set. Thus
In+1− In =
∫
S(P,e−
√
n)
(pn+1(x)− pn(x))dx ≤ vol(S(P, e−
√
n)) ≪d,k e−λ
√
n
from part (i), here λ = 1/(2(k− 1)). A telescoping sum trick shows
In − Im ≪d,k ∑
l≥m
e−λ
√
l ≪d,k
∫ ∞
m−1
e−λ
√
ldl ≪d,k 1.
The initial term satisfies Im ≤ m ≪k 1 as m depends only on k, this completes the
proof. 
Lemma A.4. If r > 0 then
(A.4)
∫
S(P,r)
∣∣log |P(e(x))|∣∣dx ≪d,k r1/(4(k−1)).
Proof. As |P(e(x))| ≤ |P|k ≤ k for all x ∈ [0, 1)d we may assume r ≤ 1.
With Σ = S(P, r) we find
0 ≤ −
∫
Σ
log |P(e(x))|dx = −
∞
∑
n=0
∫
r
2n+1
≤|P(e(x))|< r
2n
log |P(e(x))|dx
≤
∞
∑
n=0
log
(
2n+1
r
)
vol(S(P, r/2n)).
Let λ = 1/(2(k − 1)) ≤ 1/2. We use Lemma A.3(i) to bound vol(S(P, r/2n)) ≪d,k
(r/2n)λ. Note that log(2t) ≪k tλ/2 on t ∈ [1,∞). We take t = 2n/r ≥ 1 and conclude
−
∫
Σ
log |P(e(x))|dx ≪d,k
∞
∑
n=0
( r
2n
)λ/2 ≪d,k rλ/2. 
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Boyd [8] proved that the Mahler measure is continuous on the non-zero polyno-
mials of fixed degree. Here we show that the Mahler measure is Ho¨lder continuous
away from 0. For the next lemma we momentarily drop our usual assumptions on P.
Lemma A.5. Suppose P,Q ∈ C[X1, . . . ,Xd]\{0} such that Q has at most k non-zero terms
for an integer k ≥ 2. If δ = |P− Q|/|Q| ≤ 1/2, then
m(P) ≤ m(Q) + C(d, k)δ1/(8(k−1))
where C(d, k) > 0 is effective and depends only on d and k.
Proof. It suffices to prove the lemma when |Q| = 1; indeed, just replace P and Q by
P/|Q| and Q/|Q|, respectively, to reduce to this case.
Suppose for the moment that x ∈ Rd with P(e(x))Q(e(x)) 6= 0. Then |P(e(x)) −
Q(e(x))| ≤ k|P−Q| and so
(A.5) log
∣∣∣∣ P(e(x))Q(e(x))
∣∣∣∣ ≤ ∣∣∣∣ P(e(x))Q(e(x))
∣∣∣∣− 1 ≤ k δ|Q(e(x))| .
where the first inequality used log t ≤ t− 1 for all t > 0. The difference of Mahler
measures m(P)−m(Q) can thus be written as∫
[0,1)d\Σ
(
log |P(e(x))| − log |Q(e(x))|)dx+ ∫
Σ
(
log |P(e(x))| − log |Q(e(x))|)dx
with Σ = S(Q, δ1/2); the vanishing loci of P and Q do not affect the integral.
The first integral is at most kδ1/2 by (A.5). We proceed by bounding the second
integral I from above. First, we note that |P(e(x))| ≤ k|P| ≤ 3k/2 as |P− Q| ≤ δ ≤
1/2 and thus |P| ≤ 3/2. So
I ≤ log (3k/2) vol(Σ)−
∫
Σ
log |Q(e(x))|dx ≤ log (3k/2) vol(Σ) + cδ1/(8(k−1)).
where we applied Lemma A.4 to Q and δ1/2; here c = c(d, k) > 0. Finally, Lemma
A.3(i) yields vol(Σ) = vol(S(Q, δ1/2)) ≪d,k δ1/(4(k−1)) and the lemma follows as
δ ≤ 1. 
Let N0 = N ∪ {0}. For b ∈ N0 let Cb(Rd) denote the set of real valued functions
on Rd whose derivatives exist and are continuous up-to and including order b. For
a multiindex i = (i1, . . . , id) ∈ Nd0 we set ℓ(i) = i1 + · · · + id. If g ∈ Cb(Rd) and
ℓ(i) ≤ b, we set ∂ig = (∂/∂x1)i1 · · · (∂/∂xd)idg ∈ C0(Rd) and
|g|Cb = max
i∈Nd0
ℓ(i)≤b
sup
x∈Rd
|∂ig(x)| ∈ R ∪ {∞}.
We recall the construction of fr in [19] depending on r ∈ (0, 1/2]. This function
lies in Cb(Rd) and equals log |P(e(·))| away from the singularity, i.e., the locus where
P(e(·)) vanishes.
We fix the anti-derivative φ of xb(1− x)b on [0, 1] such that φ(0) = 0 and extend it
by 0 for x < 0 and 1 for x > 1. Then φ is a non-decreasing step function φ ∈ Cb(R)
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with support [0, 1]. Then we rescale and define φr(x) = φ(((2/r)2x− 1)/3). So φr is
a step function with support on [(r/2)2, r2] and
(A.6)
∣∣∣∣diφrdxi
∣∣∣∣
C0
≪b r−2i for 0 ≤ i ≤ b, hence |ψr|Cb ≪b r−2b.
Then
ψr(x) =
{
1
2φr(x) log x : x > 0,
0 : x ≤ 0.
has support in [(r/2)2, r2] and
(A.7) |ψr|Cb ≪b r−2b|log r|.
We consider g : x 7→ |P(e(x))|2, then
(A.8) |g|Cb ≪k,b (deg P)b.
Next we compose fr = ψr ◦ g ∈ Cb(Rd), so for x ∈ Rd we have
fr(x) =
{
0 : if |P(e(x))| ≤ r/2,
log |P(e(x))| : if |P(e(x))| ≥ r.
By Lemma A.5 [19], which follows from the chain rule, together with (A.7) and (A.8)
we find
(A.9) | fr|Cb ≪k,b r−2b|log r|(deg P)b
2
.
For the following lemmas we suppose b ≥ d+ 1. As above we have r ∈ (0, 1/2].
Lemma A.6. Suppose a ∈ Zd\{0}, then∫ 1
0
fr(as)ds =
∫
[0,1)d
fr(x)dx+Od,k,b
(
|log r|
r2b
(deg P)b
2
ρ(a)b−d
)
.
Proof. We follow the argument involving Fourier coefficients f̂r(m), where m ∈ Zd,
of fr given in the proof of Lemma A.6 [19]. By Theorem 3.2.9(a) [16] with derivative
up-to order b and using |∂̂i fr(m)| ≤ |∂i fr|C0 ≤ | fr|Cb where ℓ(i) = b we conclude
| f̂r(m)| ≪d,b | fr|Cb |m|−b if m 6= 0. So | f̂r(m)| ≪d,b r−2b|log r|(deg P)b
2 |m|−b for all
m ∈ Zd\{0} by (A.9). For brevity we set H = ρ(a) ≥ 1, then
∑
|m|≥H
| f̂r(m)| ≪d,k,b |log r|
r2b
(deg P)b
2
∑
|m|≥H
1
|m|b ≪k,b
|log r|
r2b
(deg P)b
2
Hb−d
(A.10)
as b ≥ d+ 1. In particular, the Fourier coefficients of fr are absolutely summable and
the Fourier series converges absolutely and uniformly to fr. Hence∫ 1
0
fr(as)ds = ∑
m∈Zd
∫ 1
0
f̂r(m)e
2π
√−1〈a,m〉sds =
∫
[0,1)d
fr(x)dx+ ∑
m∈Zd\{0}
〈a,m〉=0
f̂r(m).
The lemma follows from (A.10) as only those m with |m| ≥ H contribute to the final
sum. 
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LemmaA.7. Suppose a ∈ Zd\{0} such that ρ(a) > deg P. For all s ∈ [0, 1), up-to finitely
many exceptions, we have |P(e(as))| 6= 0 and∫ 1
0
log |P(e(as)))|ds =
∫ 1
0
fr(as)ds +Ok
(
r1/(k−1)|log r|
)
.
Proof. We follow the argument of Lemma A.7 [19]. Say a = (a1, . . . , ad) with ρ(a) >
deg P. Then the coefficients of the univariate Laurent polynomialQ = P(Xa1 , . . . ,Xad)
are precisely the coefficients of P. Hence |Q| = |P| = 1 and Q has at most k non-zero
terms.
The first claim follows as P(e(as)) = Q(e(s)) for all s ∈ R and since Q 6= 0. For
the second claim we note that the difference of the integrals equals
∫
(log |Q(e(s))| −
fr(s))ds where here and below we integrate over s ∈ [0, 1) with |Q(e(s))| ≤ r. Note
that
∫
log |Q(e(s))|ds ≤ 0 as r ≤ 1. Recall Proposition A.2which yields vol(S(Q, r)) ≪k
r1/(k−1). As in the proof of Lemma 4 [26], cf. also Theorem 7, Appendix G [35], we
find ∫
log |Q(s)|ds ≥ −Cr1/(k−1)|log r|,
where C > 0 depends only on k. Finally, by the definition of fr we find log(r/2) ≤
fr(s) ≤ 0 if |Q(e(s))| ≤ r. Thus
∫
fr(s)ds is also Ok(r
1/(k−1)|log r|). 
Lemma A.8. We have∣∣∣∣∫
[0,1)d
(
fr(x)− log |P(e(x))|
)
dx
∣∣∣∣≪d,k r1/(4(k−1)).
Proof. We follow the proof of Lemma A.8 [19]. Then∣∣∣∣∫
[0,1)d
( fr(x)− log |P(e(x))|)dx
∣∣∣∣ = ∣∣∣∣∫
[0,1)d
(φr(|P(e(x))|2)− 1) log |P(e(x))|dx
∣∣∣∣
≤
∫
[0,1)d
|φr(|P(e(x))|2)− 1| |log |P(e(x))|| dx
≤
(∫
[0,1)d
|φr(|P(e(x))|2)− 1|2dx
)1/2 (∫
[0,1)d
|log |P(e(x))||2 dx
)1/2
by definition and where we used the Cauchy-Schwarz inequality in the last step. The
second integral on the final line is≪d,k 1 by Lemma A.3(ii). The first integral is∫
S(P,r)
|φr(|P(e(x))|2)− 1|2dx ≤ vol(S(P, r)) ≪d,k r1/(2(k−1))
by Lemma A.3(i) and |P| = 1. We take the square root to complete the proof. 
Proof of Theorem A.1. As stated below Theorem A.1 we may assume d ≥ 2. As we
have seen in the proof of LemmaA.7, the condition ρ(a) > deg P guarantees P(Xa1 , . . . ,Xad) 6=
0. We may also assume that P is non-constant. Moreover, replacing P by P/|P| leaves
m(P(Xa1 , . . . ,Xad))−m(P) invariant. So it suffices to prove the theorem if |P| = 1.
We fix the parameters b = 4d ≥ d+ 1 and r = ρ(a)−1/4/2 ≤ 1/2.
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Wewrite |m(P(Xa1 , . . . ,Xad))−m(P)| as
∣∣∣∫ 10 log |P(e(as))|ds − ∫[0,1)d log |P(e(x))|dx∣∣∣
and find that it is at most∣∣∣∣∫ 1
0
fr(as)ds −
∫
[0,1)d
fr(x)dx
∣∣∣∣+ ∣∣∣∣∫ 1
0
(log |P(e(as))| − fr(as))ds
∣∣∣∣
+
∣∣∣∣∫
[0,1)d
( fr(x)− log |P(e(x))|)dx
∣∣∣∣ .
Then by Lemmas A.6, A.7, and A.8 this sum is
≪d,k |log r|
r2b
(deg P)b
2
ρ(a)b−d
+ r1/(k−1)|log r|+ r1/(4(k−1)).
By our choice of r and ρ(a) ≥ 2, the sum is
≪d,k log ρ(a)
ρ(a)b−d−b/2
(deg P)b
2
+
log ρ(a)
ρ(a)1/(4(k−1))
+
1
ρ(a)1/(16(k−1))
.
Finally, as b = 4d the sum is
≪d,k (deg P)16d
2 log ρ(a)
ρ(a)d
+
log ρ(a)
ρ(a)1/(4(k−1))
+
1
ρ(a)1/(16(k−1))
. 
APPENDIX B. RECOVERING THE THEOREM OF LIND, SCHMIDT, AND VERBITSKIY
In this appendix we recover from our work a variant of Lind, Schmidt, and Verbit-
skiy’s Theorem 1.1 [29]. This variant is stated in the introduction as Theorem 1.2 For
a finite subgroup G ⊂ Gdm. Recall that we defined δ(G) in (1.6).
Lemma B.1. Let G be a finite subgroup of Gdm. If a ∈ Zd\{0}, then
1
#G
# {ζ ∈ G : ζa = 1} ≤ |a|
δ(G)
.
Proof. We will detect ζa = 1 using the character χ(ζ) = ζa of G. Let n = #G.
The image χ(G) is a cyclic subgroup of C× of order E, say. For ζ ∈ G, the sum
∑
E−1
k=0 χ(ζ)
k = 0 equals E if ζa = 1 and vanishes otherwise. The number of solutions
ζ ∈ G of ζa = 1 is thus
∑
ζ∈G
1
E
E−1
∑
k=0
χ(ζk) =
1
E
E−1
∑
k=0
∑
ζ∈G
χ(ζ)k =
1
E
E−1
∑
k=0
n
E ∑
ξ∈χ(G)
ξk =
n
E
.
We conclude the proof as ζaE = χ(ζ)E = 1 for all ζ ∈ G and hence E ≥ δ(G)/|a|. 
Lemma B.2. Let G be a finite subgroup of Gdm.
(i) If T ≥ 1, then
1
#G
# {ζ ∈ G : δ(ζ) ≤ T} ≤ 3
dTd+1
δ(G)
.
(ii) If κ > 0, then
1
#G ∑
ζ∈G
δ(ζ)−κ ≤ 4
d
δ(G)κ/(d+1+κ)
.
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Proof. Any ζ ∈ G with δ(ζ) ≤ T satisfies ζa = 1 for some a ∈ Zd\{0} and |a| ≤
T. The number of such a is at most (2T + 1)d ≤ 3dTd and each a leads to at most
|a|#G/δ(G) ≤ T#G/δ(G) different ζ by Lemma B.1. This implies (i).
For the second assertion we split up the elements in G into those with δ(ζ) ≤ T
and those with δ(ζ) > T; here T ≥ 1 is a parameter to be chosen.
For the lower range, we use the trivial lower bound δ(ζ) ≥ 1 and part (i) to obtain
1
#G ∑
ζ∈G
δ(ζ)≤T
δ(ζ)−κ ≤ 3
dTd+1
δ(G)
.
For the higher range, we have
1
#G ∑
ζ∈G
δ(ζ)>T
δ(ζ)−κ ≤ 1
Tκ
.
The lemma follows by taking the sum of these two bounds with T = δ(G)1/(d+1+κ) .

Proof of Theorem 1.2. Without loss of generality we can assume that P is a polynomial.
Any finite subgroup of Gdm is defined over Q, i.e., it is map to itself under the action
of the absolute Galois group of Q, see Corollary 3.2.15 [5]. We decompose G into
a disjoint union G1 ∪ · · · ∪ Gm of Galois orbits. It is useful to fix a representative
ζi ∈ Gi for each i ∈ {1, . . . ,m} and define Ni = ord(ζ i). For these i all elements
in Gi have the same order and the Galois action is the natural action of ΓNi on Gi.
Moreover, #Gi = ϕ(Ni). Note that δ is constant on each Gi as δ(ζ
σ) = δ(ζ) for all field
automorphisms σ.
Let T ≥ 1 be a parameter depending on δ(G) and large in terms of P, d which we
will fix in due time. We split our average (1.8) up into those ζ with δ(ζ) ≤ T and
those with δ(ζ) > T.
First, we will show that the sum
(B.1)
1
#G ∑
ζ∈G
δ(ζ)≤T,P(ζ) 6=0
log |P(ζ)| = 1
#G
m
∑
i=1
δ(ζi)≤T,P(ζi) 6=0
∑
σ∈ΓNi
log |P(ζσi )|
is negligible. Say P(ζ i) 6= 0. Then P(ζ i) lies in a number field of degree ϕ(Ni) over
Q. So ∣∣∣∣∣∣ ∑σ∈ΓNi log |P(ζσi )|
∣∣∣∣∣∣ ≤ ∑σ∈ΓNi |log |P(ζσi )|| ≤ 2ϕ(Ni)h(P(ζ i)) ≪P ϕ(Ni)
where we used the height (2.3) and its basic properties. So the absolute value of (B.1)
is at most
(B.2) ≪P 1
#G
m
∑
i=1
δ(ζi)≤T
ϕ(Ni) ≪P 1#G ∑
ζ∈G
δ(ζ)≤T
1≪d,P T
d+1
δ(G)
.
by Lemma B.2(i).
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The remaining sum is
(B.3)
1
#G
m
∑
i=1
δ(ζi)>T
∑
σ∈ΓNi
log |P(ζσi )|;
note that P(ζσi ) 6= 0 for T large enough by Theorem 1.1. We use this theorem to
rewriting the second sum as
1
#G
m
∑
i=1
δ(ζi)>T
ϕ(Ni)
(
m(P) +Od,P(δ(ζ i)
−κ)
)
=
1
#G
 ∑
ζ∈G:δ(ζ)>T
1
m(P) +Od,P
 1
#G ∑
ζ∈G:δ(ζ)>T
δ(ζ)−κ

=
1− 1
#G ∑
ζ∈G,δ(ζ)≤T
1
m(P) +Od,P (δ(G)− κd+1+κ)
wherewe used LemmaB.2(ii). The remaining average on the last line isOd(T
d+1/δ(G))
by Lemma B.2(i).
We combine this estimate with the first bound (B.2) to conclude that average (1.8)
equals
(B.4) m(P) +Od,P(T
d+1δ(G)−1 + δ(G)−
κ
d+1+κ )
The theorem follows with the choice T = cδ(G)1/(2(d+1)) where c ≥ 1 is sufficiently
large in terms of d and P. 
We leave to the interested reader the task of generalizing the previous theorem to
polynomials defined over an arbitrary number field.
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